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ABSTRACT
T h r o u g h o u t  t h i s  p a p e r  R w i l l  d e n o t e  a c o m m u t a t iv e  
r i n g  w i t h  1 ^ 0  and  t o t a l  q u o t i e n t  r i n g  T, and  D w i l l  he  an 
i n t e g r a l  dom ain  w i t h  1 ^ 0  and  q u o t i e n t  f i e l d  K. An R -m odu le  
w i l l  b e  u n d e r s t o o d  t o  be  u n i t a r y .
A c l a s s i c a l  t h e o r e m  o f  i d e a l  t h e o r y  s t a t e s  t h a t  i f  
A i s  an i d e a l  o f  R and  A-^, . . , A n a r e  p r i m e  i d e a l s  o f  R ,  
t h e n  A c U ^ A ^  i m p l i e s  t h a t  A c A ^  f o r  some i  . One o f  t h e  
m a in  p r o b l e m s  we a r e  c o n c e r n e d  w i t h  i n  t h i s  p a p e r  i s  t o  
d e t e r m i n e  c o n d i t i o n s  on a r i n g  R i n  o r d e r  t h a t  AcU^A^ 
a l w a y s  i m p l i e s  A c A ^  f o r  some i  ( w h e t h e r  t h e  A^ a r e  p r i m e  
i d e a l s  o r  n o t ) .  We s a y  t h a t  an i d e a l  A o f  R i s  a U - i d e a l  
i f  i t  h a s  t h e  f o l l o w i n g  p r o p e r t y :  f o r  a n y  i d e a l s  A ^ , . . ,A n 
i n  R , A cU ^A ^  i m p l i e s  t h a t  A c A ^  f o r  some i  . I f  e a c h  
i d e a l  o f  R i s  a U - i d e a l ,  t h e n  R i s  a U - r i n g ,  o r  i s  s a i d  
t o  h a v e  p r o p e r t y  U . I t  i s  e a s y  t o  s e e  t h a t  A i s  a U - i d e a l  
i f  and  o n l y  i f  A h a s  t h e  p r o p e r t y  t h a t  A = U^A^ i m p l i e s  
A = A^ f o r  some i  ; h e n c e ,  i n  a U - r i n g  a f i n i t e  u n i o n  o f  
i d e a l s  i s  n e v e r  an i d e a l ,  e x c e p t  t r i v i a l l y .
Some o f  t h e  r e s u l t s  we e s t a b l i s h  a r e :  i f  e v e r y  
f i n i t e l y  g e n e r a t e d  i d e a l  o f  R i s  a U - i d e a l  t h e n  e a c h  i d e a l  o f  
R i s  a U - i d e a l ,  i . e .  R i s  a  U - r i n g ;  an i n v e r t i b l e  i d e a l  i s  
a U - i d e a l ;  a P r u f e r  dom ain  i s  a U - r i n g ;  i f  R i s  a q u a s i -
i v
l o c a l  r i n g  w i t h  m ax im a l  i d e a l  P t h e n  R i s  a U - r i n g  i f
and  o n l y  i f  R /P  i s  i n f i n i t e  o r  f i n i t e l y  g e n e r a t e d  i d e a l s
o f  R a r e  p r i n c i p a l ;  and  i f  D i s  a domain  su c h  t h a t  
D/P i s  f i n i t e  f o r  e a c h  m ax im a l  i d e a l  P o f  D t h e n  D
i s  a U - r i n g  i f  and  o n l y  i f  D i s  P r u f e r .
We a l s o  c o n s i d e r  t h e  f i n i t e  u n i o n  o f  R -m o d u le s ,  and  
U - r i n g s ,  w h ic h  we d e a l  w i t h  i n  C h a p t e r  IV .  A r i n g  R i s  a
U - r i n g  i f  i t  h a s  t h e  f o l l o w i n g  p r o p e r t y :  i f  a r e
s u b m o d u le s  o f  an R -m od u le  M s u c h  t h a t  M = t h e n  M=
f o r  some i  . C l e a r l y  a U - r i n g  i s  a U - r i n g .  We show t h a t :  
i f  t h e r e  e x i s t s  an i n f i n i t e  s u b s e t  S o f  R s u c h  t h a t  x -  y  
i s  a u n i t  o f  R f o r  a l l  x , y  e S w i t h  x / y  ( f o r  e x a m p le  S 
c o u l d  be  an i n f i n i t e  s u b f i e l d  w i t h  t h e  same 1 a s  R ) ,  t h e n  
R i s  a U - r i n g ;  i f  R i s  a  q u a s i - l o c a l  r i n g  w i t h  m ax im a l  
i d e a l  P , t h e n  R i s  a U - r i n g  i f  a nd  o n l y  i f  R /P  i s  i n f i n i t e .
We p o i n t  o u t  t h a t  a U - r i n g  i s  n o t  n e c e s s a r i l y  a U - r i n g ,  and
we g i v e  an e x a m p le  o f  a U - r i n g  w h ic h  d o e s  n o t  c o n t a i n  an 
i n f i n i t e  f i e l d ,  and  w h ic h  i s  n o t  P r u f e r .
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INTRODUCTION
T h r o u g h o u t  t h i s  p a p e r  R w i l l  d e n o t e  a 
c o m m u t a t iv e  r i n g  w i t h  1 ^ 0  a nd  t o t a l  q u o t i e n t  r i n g  T , 
and  D w i l l  b e  an i n t e g r a l  domain  ( r e f e r r e d  t o  a s  d o m a in )  
w i t h  1 ^ 0  and  q u o t i e n t  f i e l d  K . An R -m o d u le  w i l l  be  u n d e r ­
s t o o d  t o  b e  u n i t a r y  u n l e s s  o t h e r w i s e  s t a t e d .  The l e t t e r  Z 
w i l l  d e n o t e  t h e  r i n g  o f  i n t e g e r s  and  Q t h e  f i e l d  o f  
r a t i o n a l  n u m b e r s .  We w i l l  d e a l  c o n s i d e r a b l y  w i t h  t h e  f i n i t e  
s e t - t h e o r e t i c  u n i o n  o f  i d e a l s  o f  a r i n g  R , and  t o  s i m p l i f y  
o u r  n o t a t i o n  IJA^ w i l l  b e  u s e d  i n  p l a c e  o f  U^A^ ( t h i s  
n o t a t i o n  w i l l  be  u s e d  i n  t h e  c a s e  i  = l , . . , n  ; o t h e r w i s e  t h e  
l i m i t s  o f  t h e  u n i o n  w i l l  be  g i v e n ) .  The r e m a i n i n g  n o t a t i o n  
and  t e r m i n o l o g y  i s  t h a t  o f  Z a r i s k i  and  S a m u e l ,  C om m uta t ive  
A l g e b r a , and  i n  p a r t i c u l a r  c  w i l l  d e n o t e  c o n t a i n m e n t  w h i l e  
< w i l l  d e n o t e  p r o p e r  c o n t a i n m e n t .
W h i le  I n t e r s e c t i o n  o f  i d e a l s  i s  an i m p o r t a n t  i d e a l  
t h e o r e t i c  o p e r a t i o n ,  t h e  u n i o n  o f  a  f i n i t e  c o l l e c t i o n  o f  
i d e a l s  n e e d  n o t  be  an i d e a l , and  v e r y  l i t t l e  seem s t o  be 
known a b o u t  t h e  u n i o n  o f  i d e a l s .  One i m p o r t a n t  f a c t  w h ic h  
i s  known i s  t h e  f o l l o w i n g :  i f  A ^ , . . . , A n a r e  p r i m e  i d e a l s
and  A i s  an i d e a l  o f  R , t h e n  A c u A ^  i m p l i e s  t h a t  A c A ^  
f o r  some i  [Z S ^ ,  p .  2 1 5 ] ,  [N, p .  6 ] ,  [ G, p .  4 0 ] .  T h i s  
p r o p e r t y  h o l d s  i n  g e n e r a l  when n = 2 ( i . e .  w h e t h e r  A^ and
1
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A2 a r e  p r i m e  i d e a l s  o r  n o t )  a s  t h e  f o l l o w i n g  e a s y  a rg u m e n t  
s h o w s .  S u p p o se  AcA^UAg I i f  t h e r e  a r e  X j , x 2 e A su c h  
t h a t  x^  e A ^ A g  and  x 2 e AjXA^, t h e n  x^  + x 2 /  A^UA2 w h ic h  
i s  a  c o n t r a d i c t i o n .  I t  f o l l o w s  t h a t  A c A ^  f o r  i  = l  o r  2,  
c o m p l e t i n g  t h e  a r g u m e n t .  ( N o t i c e  t h i s  a r g u m e n t  h o l d s  f o r  
A, A^, Ag s u b g r o u p s  o f  a  g r o u p  G ) . I t  i s  a l s o  c l e a r  t h a t  
AcIJA^ i m p l i e s  A c A ^  f o r  some i ,  f o r  a n y  i d e a l s  A ^ , . . . , A n 
i n  c a s e  A i s  a p r i n c i p a l  i d e a l .  How ever ,  i t  i s  n o t  t r u e  
i n  g e n e r a l  t h a t  A cUA^ i m p l i e s  A c A ^  f o r  some i  ; f o r
p
e x a m p le  i f  A = ( 2 , x ) , A ^ = ( 4 , x ) ,  A2 = ( 2 , x )  and  
A^ = ( 2 + x , 2 x )  i n  t h e  p o l y n o m i a l  r i n g  Z [ x ] ,  t h e n  A c U A ^ ,  
b u t  A ^ A ^  f o r  i  = 1 , 2 , 3 *  ( f o r  f u r t h e r  d e t a i l s  s e e  Example  
6 . 1 ) .
One o f  t h e  m ain  p r o b l e m s  we a r e  c o n c e r n e d  w i t h  i n  
t h i s  p a p e r  i s  t o  d e t e r m i n e  c o n d i t i o n s  on t h e  r i n g  R i n  o r d e r  
t h a t  A c u A ^  a lw a y s  i m p l i e s  A c  A^ f o r  some i  ( w h e t h e r  
t h e  A^ a r e  p r i m e  i d e a l s  o r  n o t ) .  We s a y  t h a t  an i d e a l  
A o f  R i s  a  U - i d e a l  i f  i t  h a s  t h e  f o l l o w i n g  p r o p e r t y :  f o r  
any  i d e a l s  A1 , . . . , A r) i n  R , Ac UAi  i m p l i e s  A c  A^ f o r  
some i  . I f  e a c h  i d e a l  o f  R i s  a U - i d e a l ,  t h e n  R i s  s a i d  
t o  be  a U - r i n g ,  o r  t o  h a v e  p r o p e r t y  U . I t  i s  e a s y  t o  s e e  
t h a t  A i s  a U - i d e a l  i f  and  o n l y  i f  A h a s  t h e  p r o p e r t y  
t h a t  A = UA^ i m p l i e s  A = A^ f o r  some i  ; h e n c e ,  i n  a 
U - r i n g  a f i n i t e  u n i o n  o f  i d e a l s  i s  n e v e r  an i d e a l  e x c e p t  
t r i v i a l l y .
The f o l l o w i n g  a r e  some o f  t h e  r e s u l t s  we e s t a b l i s h
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i n  C h a p t e r  T: i f  e v e r y  f i n i t e l y  g e n e r a t e d  i d e a l  o f  R i s  a 
U - i d e a l ,  t h e n  R i s  a U - r i n g ;  an i n v e r t i b l e  i d e a l  i s  a 
U - i d e a l ;  a P r u f e r  r i n g  i s  a U - r i n g ;  e a c h  hom om orphic  image 
o f  a U - r i n g  i s  a U - r i n g ;  e a c h  q u o t i e n t  r i n g  o f  a U - r i n g  i s  
a U - r i n g  (w h e re  t h e  q u o t i e n t  i s  w i t h  r e s p e c t  t o  some 
m u l t i p l i c a t i v e  s y s t e m  o f  R [ Z S ^ , p .  2 2 1 ] ) ;  and  a ( f i n i t e )  
d i r e c t  sum o f  r i n g s  i s  a  U - r i n g  i f  a n d  o n l y  i f  e a c h  summand 
i s  a U - r i n g .
I n  C h a p t e r  I I  we d e a l  w i t h  p r o p e r t y  C a n d  p r o p e r t y  
CF on a r i n g  R . We s a y  t h a t  a  r i n g  R h a s  p r o p e r t y  C o r  i s  
a C - r i n g  i f  f o r  A a n d  B i d e a l s  o f  R, B < A  i m p l i e s  t h a t  t h e r e  
e x i s t s  an i d e a l  C £  R s u c h  t h a t  B e  AC; R h a s  p r o p e r t y  CF 
o r  i s  a  C F - r i n g  i f  t h e  a b o v e  p r o p e r t y  h o l d s  f o r  A f i n i t e l y  
g e n e r a t e d .  We show t h a t  a  dom ain  w i t h  p r o p e r t y  C i s  a 
P r u f e r  dom ain  and  h e n c e  a  U - r i n g ;  i n  f a c t  we p r o v e  t h a t  f o r  
a f i n i t e l y  g e n e r a t e d  r e g u l a r  i d e a l  A o f  a  r i n g  R, A i s  
I n v e r  I, i h i  o 11‘ and  o n l y  i f  A h a s  t h e  f o l l o w i n g  p r o p e r t y :  
f o r  B a n y  i d e a l  o f  R , B < A i m p l i e s  t h e  e x i s t e n c e  o f  an 
i d e a l  C ^  R i n  R s u c h  t h a t  B e  AC. We a l s o  show t h a t  a 
domain  D h a s  p r o p e r t y  CF i f  a n d  o n l y  i f  D i s  P r u f e r .
In  C h a p t e r  I I I  we i n v e s t i g a t e  i d e a l  u n i o n  i n  
c o n j u n c t i o n  w i t h  t h e  e q u i v a l e n c e  r e l a t i o n  q u a s i - e q u a l i t y :  
two i d e a l s  A,B o f  a r i n g  R a r e  q u a s i - e q u a l  ( d e n o t e d  A ~ B )  i f  
A* = B* w h e re  A* = (A- 1 )" 1 and  S"1 = [ R : S ] T = { x |x  e T , x S C T )  
w i t h  S a  s u b s e t  o f  t h e  t o t a l  q u o t i e n t  r i n g  T o f  R ; an
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i d e a l  A o f  R i s  q u a s i - i n v e r t i b l e  i f  AA” ^ ~ R  . The 
f o l l o w i n g  a r e  a few  o f  t h e  r e s u l t s  we e s t a b l i s h  h e r e :  i f  
Al- ’ ' * ’ -’ An a r e  i d e a l s  o f  D and  A i s  a q u a s i - i n v e r t i b l e  i d e a l  
s u c h  t h a t  A = UAi , t h e n  A ~ A i  f o r  some i  ; i f  D i s  
c o m p l e t e l y  i n t e g r a l l y  c l o s e d  and  A , A ^ , . . . , A n a r e  i d e a l s  
o f  D , t h e n  A = UA^ i m p l i e s  A ~ A ^  f o r  some i  ; i f  D i s  
c o m p l e t e l y  i n t e g r a l l y  c l o s e d  a n d  A-^, . . . , A  a r e  v - i d e a l s  
( i . e .  A^ = A^ f o r  i  = l , . . , n )  s u c h  t h a t  A c u A ^  t h e n
A c  f o r  some i  .
C h a p t e r  IV d e a l s  w i t h  t h e  f i n i t e  u n i o n  o f  u n i t a r y  
R - m o d u le s ,  U - r i n g s ,  and  more  f a c t s  a b o u t  U - r i n g s .  A r i n g  R 
i s  a U - r i n g  i f  i t  h a s  t h e  f o l l o w i n g  p r o p e r t y :  i f  M1 , . . , 1 ^  
a r e  s u b m o d u le s  o f  an R -m odu le  M s u c h  t h a t  M = UM̂  , t h e n
M = Mi  f o r  some i  . C l e a r l y  a U - r i n g  i s  a U - r i n g ;  h o w e v e r ,
t h e  c o n v e r s e  i s  f a l s e  ( s e e  t h e  r e m a r k  f o l l o w i n g  T heorem  
4 . 1 5 ) .  Some o f  o u r  r e s u l t s  i n  t h i s  c h a p t e r  a r e :  i f  t h e r e  
e x i s t s  on i n f i n i t e  s u b s e t  S o f  R s u c h  t h a t  x - y  i s  a 
u n i t  o f  R f o r  x , y  € S w i t h  x ^  y ,  t h e n  R i s  a U - r i n g ;  i f
R c o n t a i n s  an i n f i n i t e  s u b f i e l d  (w h e re  t h e  s u b f i e l d  h a s  t h e
same 1 a s  R ) ,  t h e n  R i s  a U - r i n g  and  h e n c e  a U - r i n g ;  i f  R 
i s  a q u a s i - l o c a l  r i n g  w i t h  m ax im a l  i d e a l  P , t h e n  R i s  a
U - r i n g  i f  and  o n l y  i f  R /P  i s  i n f i n i t e ;  i f  R i s  a q u a s i ­
l o c a l  r i n g  w i t h  m ax im a l  i d e a l  P , t h e n  R i s  a U - r i n g  i f  
and  o n l y  i f  R /P  i s  i n f i n i t e  o r  f i n i t e l y  g e n e r a t e d  i d e a l s  
o f  R a r e  p r i n c i p a l ;  and  i f  R* i s  an o v e r r i n g  o f  a 
U - r i n g  R s u c h  t h a t  R and  R '  h a v e  t h e  same 1 , t h e n  R '  i s
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a f t - r i n g .  I n  a d d i t i o n  t o  t h e s e  r e s u l t s  we g i v e  s e v e r a l  
c o n d i t i o n s  u n d e r  w h ic h  a r i n g  R i s  n o t  a U - r i n g ,  and 
c o n d i t i o n s  u n d e r  w h ic h  R i s  n o t  a U - r i n g .  We end  C h a p t e r  
IV w i t h  an e x a m p le  w h ic h  shows t h a t  a l t h o u g h  c o n t a i n i n g  an 
i n f i n i t e  s u b f i e l d  w i t h  1 same a s  t h e  1 i n  R, and  b e i n g  
P r u f e r  a r e  s u f f i c i e n t  c o n d i t i o n s  f o r  a dom ain  t o  be  a 
U - r i n g ,  t h e y  a r e  n o t  n e c e s s a r y .
I n  C h a p t e r  V we s t u d y  t h e  r e l a t i o n s h i p  b e tw e e n  an 
i d e a l  A i n  R and  t h e  i d e a l  ARp o f  t h e  r i n g  Rp  by  m eans  
o f  t h e  v e c t o r  s p a c e  A/AP o v e r  t h e  f i e l d  R /P  w h e re  P i s  a 
m a x im a l  i d e a l  o f  R . We u s e  o u r  r e s u l t s  t o  g i v e  f u r t h e r  
f a c t s  a b o u t  U - r i n g s .  The i m p o r t a n t  r e s u l t s  o f  t h i s  c h a p t e r  
a r e :  i f  P i s  a  m a x im a l  i d e a l  i n  a  U - r i n g  R s u c h  t h a t  R /P  
i s  f i n i t e ,  t h e n  Rp i s  a B e z o u t  r i n g ;  i f  D i s  a dom ain
s u c h  t h a t  D /P  i s  f i n i t e  f o r  e a c h  m a x im a l  i d e a l  P o f  D ,
t h e n  D i s  a  U - r i n g  i f  a n d  o n l y  i f  D i s  P r u f e r ;  and  i f  we
l e t  Z b e  t h e  i n t e g r a l  c l o s u r e  o f  Z i n  a f i n i t e  a l g e b r a i c
e x t e n s i o n  Q (a )  o f  Q and  l e t  D b e  a  dom ain  s u c h  t h a t  
Z C D C Z  , t h e n  D i s  a U - r i n g  i f  a n d  o n l y  i f  D i s  
i n t e g r a l l y  c l o s e d .
I n  t h e  l a s t  c h a p t e r  we c o n s i d e r  s e v e r a l  e x a m p le s  
w h ic h  a n s w e r  q u e s t i o n s  c o n c e r n i n g  t h e  r e l a t i o n s h i p  b e tw e e n  
p r o p e r t y  U a n d  o t h e r  i m p o r t a n t  r i n g  t h e o r e t i c  c o n c e p t s  s u c h  
a s  t h e  p o l y n o m i a l  r i n g s  o v e r  a r i n g  R , t h e  q u o t i e n t  r i n g  o f  
R w i t h  r e s p e c t  t o  a m u l t i p l i c a t i v e  s y s t e m  o f  R , N o e t h e r i a n
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r i n g s ,  and  i n t e g r a l l y  c l o s e d  r i n g s .  We p r o v e  t h e  f o l l o w i n g  
t h e o r e m  i n  C h a p t e r  V I ,  c h a r a c t e r i z i n g  t h e  U - r i n g s  w h ic h  
a r e  p o l y n o m i a l  r i n g s  o v e r  a  f i e l d :  i f  K i s  a f i e l d ,  X a
s e t  o f  i n d e t e r m i n a t e s  o v e r  K o f  c a r d i n a l i t y  a > l ,  and  
K[X] i s  t h e  p o l y n o m i a l  r i n g  i n  t h e  e l e m e n t s  o f  X w i t h  
c o e f f i c i e n t s  i n  K , t h e n  K[X] i s  a  U - r i n g  i f  a n d  o n l y  i f  
K i s  i n f i n i t e  o r  a  = 1 .
CHAPTER I
I n  t h i s  c h a p t e r  we w i l l  d e f i n e  a nd  s t u d y  U - i d e a l s  
and  U - r i n g s  ( d e f i n i t i o n s  1 . 1  and  1 . 2 ) .  The u n i o n  o f  i d e a l s  
w h ic h  we r e f e r  t o  i n  t h e s e  d e f i n i t i o n s  i s  f i n i t e  s e t - t h e o r e t i c  
u n i o n ;  UA^ w i l l  be  u s e d  i n  p l a c e  o f  U^A^ ( t h i s  n o t a t i o n  
w i l l  be  u s e d  i n  t h e  c a s e  i  = l , . . , n ;  o t h e r w i s e  t h e  l i m i t s  
o f  t h e  u n i o n  w i l l  be  g i v e n ) .  Some o f  o u r  i m p o r t a n t  r e s u l t s  
a r e :  an i n v e r t i b l e  i d e a l  i s  a U - i d e a l ;  a P r u f e r  dom ain  i s  a 
U - r i n g ;  e a c h  hom om orph ic  image  o f  a  U - r i n g  i s  a U - r i n g ;
e a c h  q u o t i e n t  r i n g  o f  a  U - r i n g  i s  a U - r i n g ;  and  a ( f i n i t e )
d i r e c t  sum o f  r i n g s  i s  a  U - r i n g  i f  a n d  o n l y  i f  e a c h  
summand i s  a  U - r i n g .
D e f i n i t i o n  1 . 1  An i d e a l  A o f  a r i n g  R i s  a U - i d e a l  i f  i t  
h a s  t h e  f o l l o w i n g  p r o p e r t y :  f o r  i d e a l s  o f  R ,
ACUA^ i m p l i e s  t h a t  A<= A^ f o r  some i  .
R e m a r k : A p r i n c i p a l  i d e a l  aR o f  R i s  c l e a r l y  a U - i d e a l
s i n c e  aRcrUA^ i m p l i e s  a e  A^ f o r  some i  , and  h e n c e  
a R c  A± .
D e f i n i t i o n  1 . 2  A r i n g  R i s  a U - r i n g  o r  i s  s a i d  t o  h a v e
p r o p e r t y  U i f  e a c h  i d e a l  o f  R i s  a U - i d e a l .
Rem ark :  A p r i n c i p a l  i d e a l  r i n g  i s  c l e a r l y  a  U - r i n g .  We h a v e
7
8
n o t e d  t h a t  Zf x 1 i s  n o t  a U - r i n g  ( s e e  Exam ple  6 . 1 ) .  I n  
a d d i t i o n ,  i t  i s  e a s i l y  s e e n  t h a t  a n o n - p r i n c i p a l  i d e a l  A 
c o n t a i n i n g  o n l y  a f i n i t e  n um ber  o f  e l e m e n t s  can  n o t  be  a 
a U - i d e a l ,  s i n c e  A = a ^ & R  > f ° r  e x a m p le ,  i f  F [ x , y ]  i s  a 
p o l y n o m i a l  r i n g  i n  two i n d e t e r m i n a t e s  x a nd  y o v e r  a f i n i t e  
f i e l d  F , s e t  R = F [ x , y ] / ( x , y ) 2 and  A = xR + yR w h e re  
x , y  a r e  t h e  r e s i d u e  c l a s s e s  d e t e r m i n e d  by  x and  y r e s p e c t i v e l y .
T heo rem  1 . 3  I f  a r e  a r b i t r a r y  i d e a l s  o f  a
r i n g  R, t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :
(1 )  E ach  i d e a l  o f  R i s  a U - i d e a l .
( 2 )  E ac h  f i n i t e l y  g e n e r a t e d  i d e a l  o f  R i s  a  U - i d e a l .
(3 )  I f  A i s  f i n i t e l y  g e n e r a t e d  and  A = UA^,
t h e n  A = A^ f o r  some i  .
( 4 )  I f  A = UA^, t h e n  A = A^ f o r  some i  .
( 5 )  I f  UA^ = , t h e n  f o r  some k ,
A^ c: A^ f o r  a l l  i  .
P r o o f : I t  i s  c l e a r  t h a t  ( 1 )  =» (2 )  => ( 3 )  .
To show t h a t  (3)=* ( 4 ) ,  l e t  A = uAi  a nd  s u p p o s e  t h a t  A^ < A 
f o r  i  = l , . . . , n .  T h e r e  e x i s t s  a ^ e  A\A^ f o r  e a c h  i  ; l e t
A = ( a ^ ,  . . . ,  a n ) a n d  A^ = A^ 0 A . N o t i c e  t h a t  A c A  = UAi  ,
s o  i t  f o l l o w s  t h a t  A = UA^ . S i n c e  A i s  f i n i t e l y  g e n e r a t e d ,  
we h a v e ,  b y  ( 3) *  t h a t  A = A^ f o r  some i  , a c o n t r a d i c t i o n  
s i n c e  a^  /  A ^ . I t  f o l l o w s  t h a t  t h e r e  e x i s t s  i  s u c h  t h a t  
A = A± .
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To show t h a t  ( ^ ) =>( 5 ) ,  we a s sum e  t h a t  uAi  = ^ A 1 = A. 
Then by ( A) ,  s i n c e  UA^ = A, we h a v e  A = Ak  f o r  some i  = k
an d  A ^ A  = Ak f o r  i  = 1 , . . . , n  and  ( 5 ) f o l l o w s .
C o n s i d e r  ( 5 ) = » ( 1 ) ;  a ssum e  A c U A i  a nd  l e t  Ai = A H A i »
I t  f o l l o w s  t h a t  A = UA^ = • Hence  by  ( 5 )  t h e r e  e x i s t s
k  s u c h  t h a t  A± c  \  f o r  i  = 1 , . . . , n  f r o m  w h ic h  we g e t  
t h a t  A = . S i n c e  A C A fcc A k , (1 )  f o l l o w s .
Q . E . D .
R e m a r k : From T heorem  1 . 3  we n o t i c e  t h a t  a  U - r i n g  c a n  be
t h o u g h t  o f  a s  a r i n g  I n  w h ic h  a  f i n i t e l y  g e n e r a t e d  i d e a l
( o r ,  an i d e a l )  c a n n o t  be  t h e  u n i o n  o f  a f i n i t e  nu m ber  o f  
p r o p e r  s u b i d e a l s .  A l s o ,  a U - r i n g  i s  a r i n g  i n  w h ic h  t h e  
u n i o n  o f  a f i n i t e  num ber  o f  i d e a l s  i s  an i d e a l  o n l y  i n  c a s e  
t h a t  u n i o n  i s  one  o f  t h e  f i n i t e  num ber  o f  i d e a l s  i n  q u e s t i o n .
D e f i n i t i o n  1 . 4  We s a y  t h a t  R i s  a  B e z o u t  r i n g  i n  c a s e  
e v e r y  f i n i t e l y  g e n e r a t e d  i d e a l  o f  R i s  p r i n c i p a l .
C o r o l l a r y  1 . 3  A B e z o u t  r i n g  i s  a U - r i n g .
R e m a rk : Two c l a s s i c a l  ( n o n t r i v i a l ,  i . e .  n o t  p r i n c i p a l  i d e a l
r i n g s )  B e z o u t  r i n g s  a r e  t h e  r i n g  o f  a l g e b r a i c  i n t e g e r s  and  
t h e  r i n g  o f  e n t i r e  f u n c t i o n s .  F o r  o t h e r  e x a m p le s  o f  B e z o u t  
r i n g s  s e e  [D B ] .
D e f i n i t i o n  1 . 6  A v a l u a t i o n  r i n g  i s  an  i n t e g r a l  dom ain  i n
w h i c h  t h e  i d e a l s  a r e  l i n e a r l y  o r d e r e d  u n d e r  i n c l u s i o n  ( s e e
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[ G , P .  1 6 2 ] ,  [ L M ,p . 99]  i [ N , p .  & ] ,  [ ZS2 , p .  4 ] ) .
R e m a rk : I t  i s  e a s y  t o  s e e  t h a t  a  v a l u a t i o n  r i n g  i s  a  B e z o u t
r i n g ,  and  h e n c e  a  U - r i n g .
T heorem  1 . 7  I f  (0 )  i s  t h e  a n n i h i l a t o r  o f  a f i n i t e l y  
g e n e r a t e d  i d e a l  A ^  (0 )  o f  R and  £  R i s  an i d e a l  o f
R f o r  i  = 1 ,  . . . , n ,  t h e n  A ^  UAG^ .
P r o o f : We w i l l  u s e  i n d u c t i o n  on n . F o r  n = 1 ,  c l e a r l y
AG^^cA a n d  i f  AG^ = A, t h e n  t h e r e  e x i s t s  x  e G^ s u c h
t h a t  a = ax f o r  a l l  a e A  [ G , p .  58]*  S i n c e  t h e  a n n i h i l a t o r  
o f  A i s  ( 0 ) ,  1 - x  = 0 w h ic h  i m p l i e s  x = l  , and  t h i s  
c a n n o t  h a p p e n  s i n c e  x e G-̂  /  R. Hence  AG^ < A a n d  t h e  
t h e o r e m  h o l d s  f o r  n = 1  . We now show t h a t  i f  t h e  t h e o r e m  
i s  v a l i d  f o r  n - l ( > l ) ,  t h e n  i t  i s  v a l i d  f o r  n . We 
c o n s i d e r  two c a s e s .
Cane 1 . Among . > • , ( ln t h o r n  a r e  l-wo J d e a l s ,  s a y  G^ and
G2 , s u c h  t h a t  G-̂  + G2 ^  R. Then t h e  I n d u c t i o n  h y p o t h e s i s
i m p l i e s  t h a t  t h e r e  e x i s t s  a e A  s u c h  t h a t
a i  A(Gj + G2 )U AG^ U. . .U PGn ' Now s i n c e  a /  A(G1 + G2 ) = AĜ  ̂ + AG2 , 
i t  f o l l o w s  t h a t  a /  AG-  ̂ and  a /  AG2 . Hence  t h e  t h e o r e m  
h o l d s  i n  Case 1 .
Case  2 . I f  G^ + Gj = R f o r  a l l  i  ^  j  t h e n
Gj + ( G2 . • • Gn ) = R, [ Z S ^ ,p  . I T T ] • Hence  AG^ + A(G2 . • • G^ ) = A .
I f  A( G2 . . . Gn ) c  AG1 , i t  w o u ld  f o l l o w  t h a t
A = AG^ + A(G2 . . . G n ) = AG-^ w h ic h  i s  i m p o s s i b l e  by  c a s e  n = l .
11
So A(G? . . . G  ) AG^ ; h e n c e  t h e r e  e x i s t s
a^  e A(G0 . . .On ) \AG^ . L i k e w i s e ,  t h e r e  e x i s t s
a^  e A(G^ . . •Gi-_1 • Gi + ^ • • *Gn )\AG^ f o r  e a c h  i  = l , . . . , n  .
Now l e t t i n g  a = > we s e e  t h a t  a e A ,  and  a f( AG^ f o r
e a c h  i  = l , . . . , n  . The t h e o r e m  f o l l o w s  by  i n d u c t i o n .
Q • E • D •
C o r o l l a r y  1 . 8  I f  G ^ , . . . , G  a r e  i d e a l s  and  A ^ ( 0 )  i s  a 
f i n i t e l y  g e n e r a t e d  i d e a l  o f  an i n t e g r a l  domain  D, t h e n  
A t  UAGi  .
D e f i n i t i o n  1 . 9  An R - s u b m o d u le  F o f  T i s  a f r a c t i o n a l  
i d e a l  o f  R p r o v i d e d  t h e r e  e x i s t s  a r e g u l a r  e l e m e n t  ( i . e .  
n o t  a z e r o  d i v i s o r )  r  e R su c h  t h a t  r F  c  R . The i n v e r s e  
o f  F i s  t h e  f r a c t i o n a l  i d e a l  F” ^ = [ R : F ] t = ( 11 t e T , t F  c  R ) .
T he  f r a c t i o n a l  i d e a l  F i s  s a i d  t o  b e  i n v e r t i b l e  i f  FF“ ^ = R.
D e f i n i t i o n  1 . 1 0  A f r a c t i o n a l  i d e a l  F o f  R i s  c a l l e d  a
r e g u l a r  1 d e n i  i f  F c o n t a i n s  n r e g u l a r  e l e m e n t .
N o te  t h a t  t h e  i d e a l s  o f  R a r e  s i m p l y  t h e
f r a c t i o n a l  i d e a l s  F o f  R s u c h  t h a t  F c R  .
R e m a r k : An i n v e r t i b l e  i d e a l  i s  f i n i t e l y  g e n e r a t e d  and
r e g u l a r ,  [ G , p .  6 5 ] ,  [L M ,p .  1 2 5 ] .
T heorem  1 . 1 1  I f  A i s  an i n v e r t i b l e  i d e a l  o f  a r i n g  R ,
t h e n  A i s  a U - i d e a l .
P r o o f : Assume t h a t  A- j _ , . . . , A^ a r e  i d e a l s  o f  R s u c h  t h a t
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A c U A i  and l e t  Ai  = A fl Ai  f o r  i  = 1,  . . . , n  ; we h a v e  
t h a t  A = UA^ and  A ^ c A  f o r  e a c h  i  . S u p p o se  A^ < A 
f o r  e a c h  i  . Then A^ = AG^ f o r  e a c h  1 , w i t h  G^ = A^A- ^ 
an i d e a l  o f  R ( s i n c e  A^c=A) ;  f u r t h e r m o r e ,  G^ ^  R f o r  e a c h  
i  . S i n c e  A i s  i n v e r t i b l e ,  A c o n t a i n s  a r e g u l a r  
e l e m e n t  and  t h e r e f o r e  t h e  a n n i h i l a t o r  o f  A i s  (0 )  ; i n  
a d d i t i o n ,  A i s  f i n i t e l y  g e n e r a t e d .  B u t  T heorem  1 . 7  
i m p l i e s  A <£ , w h ic h  c o n t r a d i c t s  A = UA^ . Hence  t h e r e
e x i s t s  k s u c h  t h a t  5 ^  ^  A , and  s i n c e  A^ cr A f o r  
i  = l , . . . , n  i t  f o l l o w s  t h a t  A = A ^ c  a^  .
Q.E.D.
D e f i n i t i o n  1 . 1 2  D i s  c a l l e d  a P r U f e r  dom ain  p r o v i d e d  
e v e r y  n o n - z e r o  f i n i t e l y  g e n e r a t e d  i d e a l  o f  D i s  i n v e r t i b l e .
C o r o l l a r y  1 . 1 3  I f  D i s  a P r u f e r  d o m a in ,  t h e n  D i s  a 
U - r i n g .
P r o o f : T h i s  f o l l o w s  d i r e c t l y  f ro m  t h e o r e m s  1 . 3  and  1 . 1 1 .
Q.E.D.
R e m a rk : A D e d e k in d  domain  i s  an i n t e g r a l  dom ain  D s u c h  t h a t
e v e r y  p r o p e r  i d e a l  o f  D i s  a p r o d u c t  o f  p r i m e  i d e a l s  o f  D . 
I t  i s  known t h a t  e v e r y  p r o p e r  i d e a l  o f  a D e d e k in d  dom ain  i s  
i n v e r t i b l e .  C o n s e q u e n t l y ,  a D e d e k in d  dom ain  i s  a P r u f e r  
dom ain  and  t h e r e f o r e  a U - r i n g .
R e m a rk : The c o n v e r s e  t o  C o r o l l a r y  1 . 1 3  i s  f a l s e ,  a s  c a n  be
s e e n  by a p p l y i n g  a l a t e r  r e s u l t  ( C o r o l l a r y  4 . 5 )  w h ic h  s t a t e s
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t h a t  a n y  r i n g  R w h ic h  c o n t a i n s  an i n f i n i t e  f i e l d  ( w i t h  t h e  
same 1 a s  R) i s  a U - r i n g .  Hence  t h e  p o l y n o m i a l  r i n g  
Q[ x , y ]  i n  two i n d e t e r m i n a t e s  x , y  o v e r  t h e  r a t i o n a l  f i e l d  
Q i s  a U - r i n g ;  h o w e v e r  i t  i s  n o t  a P r u f e r  dom ain  a s  t h e  
f o l l o w i n g  a r g u m e n t  sh o w s .
I f  A = (x,y) i s  i n v e r t i b l e ,  t h e n  xA”^ i s  an
i d e a l  o f  Q[x,y] s i n c e  x e A, and  A(xA“^) = (x). S i n c e  (x)
i s  a p r i m e  i d e a l  and  A (x), we h a v e  xA-  ̂c (x) and  
xA- 1  = (x) s i n c e  (x) cr xA-1. Hence  A(x) = (x), and
A = Q[x,y], a c o n t r a d i c t i o n .
R e m a r k ; The f o l l o w i n g  t h e o r e m  shows t h a t  a hom om orph ic
im age  o f  a U - r i n g  i s  a U - r i n g .
T heo rem  1 . 1 4  I f  B i s  a  p r o p e r  i d e a l  o f  a U - r i n g  R , t h e n
R/B i s  a U - r i n g .
P r o o f ; L e t  A , A ^ , . . . , A ^  be  i d e a l s  o f  R/B s u c h  t h a t  
A c  UA^, and  l e t  h :R  -» R/B be  t h e  c a n o n i c a l  hom om orphism .
I t  i s  e a s i l y  c h e c k e d  t h a t  h “ 'L(uA1 ) c Uh” 1 (i^) , h ” 1 (A) c h " 1 (A1 ) 
f o r  some i  , a n d  A c  f o r  some i  , c o m p l e t i n g  t h e  p r o o f .
Q.E.D.
T heorem  1 . 1 5  I f  D/A i s  a U - r i n g  f o r  e a c h  p r o p e r  i d e a l  A
o f  t h e  dom ain  D, t h e n  D i s  a U - r i n g .
P r o o f ; S u p p o se  t h a t  A c  UA^ , w h e re  A,A^,...,An a r e  
i d e a l s  o f  D . I f  A = ( 0 ) ,  t h e n  A c A^ f o r  e a c h  i  . I f
lh
A /  ( 0 ) ,  c o n s i d e r  B = A*A^............. A^ . We can  a s su m e  t h a t
A^ /  ( 0 )  f o r  i  = 1 ,  . . . , n  ; B ^  ( 0 ) ,  B c  A, and  B e  A^ f o r
i  = l , . . . , n .  L e t  A ,A^,  d e n o t e  t h e  c a n o n i c a l  image  o f  
A,A^ r e s p e c t i v e l y  i n  D/B, a nd  n o t e  t h a t  A c  UA^. Hence 
A c: A^ f o r  some k and  A c  A^ .
Q .E .D .
Lemma 1 . 1 6  I f  R i s  a U - r i n g  a n d  S i s  a  m u l t i p l i c a t i v e
s y s t e m  o f  R c o n s i s t i n g  o f  r e g u l a r  e l e m e n t s ,  t h e n  t h e  
q u o t i e n t  r i n g  Rg i s  a U - r i n g .
P r o o f ; L e t  A , A ^ , . . . , A n he  i d e a l s  o f  Rg s u c h  t h a t
A c  UA^ a nd  s e t  B = A 0 R, B^ = Ai  0 R f o r  i  = 1 ,  . .  . , n  .
Then B c  UB^ . S u p p o s e  A A1 a n a  l e t  a^  e A\A^ f o r
i  = 1 , ...,n . T h e r e  e x i s t s  s e S s u c h  t h a t  s a ^  e R ,
s a ^  e A , and  s a ^  i  A^ , so  s a ^  e BXB^ f o r  i  = l , . . . , n  ;
h o w e v e r ,  B c  B^ f o r  some i  s i n c e  R i s  a U - r i n g ,  a
c o n t r a d i c t i o n .  Hence  A c  A^ f o r  some i  .
Q .E .D .
T h eo rem  1 . 1 7  I f  R i s  a  U - r i n g  a n d  S i s  a ny
m u l t i p l i c a t i v e  s y s t e m  o f  R , t h e n  t h e  q u o t i e n t  r i n g  Rg i s
a U - r i n g .
P r o o f ; The r i n g  Rg i n  g e n e r a l  i s  d e f i n e d  t o  be  t h e  r i n g
( R / N ) “ w h e re  N = f x e  R | x s  = 0 f o r  some s e S } ,  and  l e t t i n g
f  b e  t h e  c a n o n i c a l  homomorphism f : R  -♦ R/N , S i s  t h e  
m u l t i p l i c a t i v e  s y s t e m  f ( S )  i n  R/N w h i c h  c o n s i s t s  o f  r e g u l a r  
e l e m e n t s ,  [ Z S ^ , p .  2 2 1 ] .  Hence  t h e  t h e o r e m  f o l l o w s
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i m m e d i a t e l y  f r o m  T heorem  1 . 1 4  and  Lemma 1 . 1 6 .
Q .E .D .
R e m a rk : The c o n v e r s e  o f  Theorem  1 . 1 7  i s  f a l s e  a s  can  be
s e e n  by  E xam p le  6 . 2 ;  i n  f a c t  E xam ple  6 . 3  shows t h a t  i t  can  
h a p p e n  t h a t  e v e r y  o v e r r i n g  R '  o f  R , w i t h  R < R '  < T  , i s  
a U - r i n g  and  R i s  n o t  a  U - r i n g .
T heo re m  1 . 1 8  I f  R ^ , . . . , R n a r e  r i n g s ,  t h e n  R = R ^ © . . .© R n 
i s  a  U - r i n g  i f  a n d  o n l y  i f  R^, . . . , R  a r e  e a c h  U - r i n g s .
P r o o f : I f  R = R ^ © . . . © ^  i s  a U - r i n g ,  t h e n  R^ i s  a
U - r i n g  f o r  i  = l , . . . , n  by  T heorem  1 . 1 4 .  Now c o n s i d e r  t h e
c o n v e r s e .  I t  i s  s u f f i c i e n t  t o  p r o v e  t h e  t h e o r e m  f o r  n = 2
s i n c e  t h e  g e n e r a l  r e s u l t  w i l l  t h e n  f o l l o w  by i n d u c t i o n .  
S u p p o s e  A-j®A2 = U(A2 i © A 2 i  )» w h e re  A^ and  Al i  a r e  
i d e a l s  i n  R^ and  A2 and  A21 a r e  i d e a l s  i n  R2 f o r  
i  = l , . . . , n  . Then A^ = UA-j^ and  Aj = Al k  f o r  some k
s i n c e  R^ i s  a U - r i n g .  We c o n s i d e r  two c a s e s .  F i r s t ,
s u p p o s e  A*l = A ^  f o r  e a c h  i  = l , . . . , n  ; s i n c e  = ^ A2 i  
and  R^ i s  a U - r i n g ,  t h e n  A2 = A2 j  f o r  some j  and  i t  i s  
c l e a r  t h a t  A-j© A2 = A1 J® A2 j  . S e c o n d ,  s u p p o s e  A^ /  Al t  
f o r  some t  e ( l , . . . , n ) ,  s a y  ( l , . . . , n )  = MUN w h e re  A^ = A
f o r  i  e M a n d  An / A n  f o r  i e N  . Then An /  U An1 r  l i  1 i e N  l i
s i n c e  R^ i s  a U - r i n g ,  h e n c e  t h e r e  e x i s t s  a^  € A-̂  s u c h
t h a t  an d  Anj f o r  i e N .  We c l a i m  t h a t  A0 = U A0 . ,1 l i  2 ieM 21
and  h e n c e  A2 = A2^ f o r  some i e M  s i n c e  R2 i s  a U - r i n g ,  
a nd  A-  ̂© A2 = A-^ © A2 i  f o r  some i e M .  To s e t t l e  t h e
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c l a i m ,  l e t  x e A2 a nd  c o n s i d e r  a-  ̂ + x ; s i n c e  a-  ̂ /  A1± 
f o r  i  c N a n d  a-  ̂ + x e A^ © A2 , i t  f o l l o w s  t h a t  
a 1 + x e Al i © A 21 f o r  some i  e M, and  h e n c e  x e A2 i  f o r  
some i e M ,  c o m p l e t i n g  t h e  a r g u m e n t  •
Q .E .D.
CHAPTER IT
I n  t h i s  c h a p t e r  we d e f i n e  and  s t u d y  p r o p e r t y  C a nd  
p r o p e r t y  CF on a  r i n g  R, ( D e f i n i t i o n s  2 . 1  and  2 . 2 ) .  Some 
r e s u l t s  o b t a i n e d  h e r e  a r e :  a  dom ain  w i t h  p r o p e r t y  C i s  a
P r U f e r  dom ain  a n d  h e n c e  a  U - r i n g ;  a dom ain  D h a s  p r o p e r t y  
CF i f  a n d  o n l y  i f  D i s  P r u f e r .
D e f i n i t i o n  2 . 1  A r i n g  R h a s  p r o p e r t y  C o r  i s  c a l l e d  a 
C - r l n g  i f ,  f o r  i d e a l s  A,B o f  R ,  B < A  i m p l i e s  t h e  e x i s t e n c e  
o f  an  i d e a l  C /  R o f  R s u c h  t h a t  B e  AC.
D e f i n i t i o n  2 . 2  A r i n g  R h a s  p r o p e r t y  CF o r  i s  c a l l e d  a 
C F - r i n g  i f ,  f o r  i d e a l s  A,B o f  R s u c h  t h a t  A i s  f i n i t e l y  
g e n e r a t e d ,  B < A i m p l i e s  t h e r e  e x i s t s  an i d e a l  C ^  R s u c h  
t h a t  R e  AC.
R e m a rk : P r o p e r t y  C i m p l i e s  p r o p e r t y  CF.
T heo rem  2 . 3  I f  D i s  a dom ain  w i t h  p r o p e r t y  CF, t h e n  D 
i s  a U - r i n g .
P r o o f : L e t  A b e  a f i n i t e l y  g e n e r a t e d  i d e a l  and  A ^ , . . . , A ^
i d e a l s  o f  D s u c h  t h a t  A = UA.  ̂ . I f  A /  A^ , t h e n  A^ < A 
and  t h e r e  e x i s t s  B^ /  D s u c h  t h a t  A^ c  AB^ f o r  i = l , . . . , n  . 
By C o r o l l a r y  1 . 8  t h e r e  e x i s t s  a e A  s u c h  t h a t  a /  AB^ f o r
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e a c h  1 , h e n c e  a  i  f o r  e a c h  i  . But  t h i s  c o n t r a d i c t s
A = UAi , I m p l y i n g  A = A^ f o r  some 1 a nd  D i s  a  U - r i n g .
Q.E .D .
N o t e :  I t  i s  c l e a r  t h a t  i f  D i s  a C - r i n g ,  t h e n  D i s  a
U - r i n g  s i n c e  p r o p e r t y  C i m p l i e s  p r o p e r t y  CF.
R e m a r k : The c o n v e r s e  o f  Theorem  2 . 3  i s  f a l s e  a s  t h e
f o l l o w i n g  e x a m p le  s h o w s .
E xam ple  2 . 4  I f  D = Q [ x , y ] ,  t h e  p o l y n o m i a l  r i n g  i n  two 
i n d e t e r m i n a t e s  o v e r  Q , t h e n  D i s  a U - r i n g  by  a l a t e r
p
r e s u l t  ( C o r o l l a r y  4 . 5 ) .  C o n s i d e r  t h e  i d e a l s  ( x , y  ) < ( x , y )  
i n  D , and  s u p p o s e  t h a t  an i d e a l  A ^  D e x i s t s  s u c h  t h a t
p
( x , y  ) c  ( x , y ) A .  Then t h e r e  e x i s t s  p , q  e A s u c h  t h a t
px  + qy  = x . S i n c e  D i s  a  U .F .D .  a nd  x | q y  i n  D, q = dx
?
f o r  some d e D. Hence  p + dy  = 1 and  p y  + dy = y ,  i m p l y i n g
y e A and  ( x , y )  c  A, w h ic h  i m p l i e s  A = ( x , y )  s i n c e
p
( x , y )  i s  m ax im al  a n d  A /  D . But  x /  (x , .y )  , w h ic h  i s  a 
c o n t r a d i c t i o n .  H ence  D d o e s  n o t  h a v e  p r o p e r t y  CF.
Q. E . D .
T heo re m  2 . 5  I f  M i s  a m ax im a l  i d e a l  i n  a  dom ain  D w i t h
p r o p e r t y  C, t h e n  t h e r e  a r e  no  i d e a l s  o f  D p r o p e r l y
2
b e tw e e n  M an d  M
P r o o f : S u p p o s e  t h e r e  i s  an i d e a l  B o f  D s u c h  t h a t
O
M c  B < M. Then t h e r e  e x i s t s  an i d e a l  C /  D s u c h  t h a t
P
B c  MC, a nd  M c  B c  C. Now a n y  p r o p e r  p r i m e  i d e a l  w h ic h
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p
c o n t a i n s  C m u s t  c o n t a i n  M , a n d  t h e r e f o r e  c o n t a i n s  and  
h e n c e  e q u a l s  M . So we h a v e  C c M  . However  C c M  i m p l i e s
o p 2
M c B c M C c M  . T h e r e f o r e  B = M , and  t h e r e  a r e  no i d e a l s
2
p r o p e r l y  b e tw e e n  M a n d  M .
Q.E .D .
T h eo re m  2 . 6  I f  D i s  a N o e t h e r i a n  dom ain  w i t h  p r o p e r t y  C,
t h e n  D i s  a  D e d e k i n d  d o m a in .
P r o o f : T h i s  f o l l o w s  i m m e d i a t e l y  f r o m  T heo rem  2 . 5  and  t h e
f a c t  t h a t  a  N o e t h e r i a n  dom ain  D i s  D e d e k in d  i f  and  o n l y  i f  
f o r  e a c h  m ax im a l  i d e a l  M o f  D, t h e r e  a r e  no  i d e a l s  
p r o p e r l y  b e tw e e n  M a n d  [ G ,T h m .3 1 .1 * P  • 4 4 3 - 4 4 ] .
Q . E . D .
R e m a r k : The f o l l o w i n g  i s  an e x a m p le  o f  a C-dom ain  ( a  C - r i n g
w h ic h  i s  a d o m a in )  w h ic h  i s  n o t  D e d e k i n d ,  s h o w in g  t h a t  
N o e t h e r i a n  i s  a  n e c e s s a r y  a s s u m p t i o n  i n  t h e  a b o v e  t h e o r e m .
E xam ple  2 . 7  C o n s i d e r  t h e  g r o u p  G = Z © Z o r d e r e d
l e x i c o g r a p h i c a l l y  a n d  t h e  m a p p in g  v : Q [ x , y ]  -♦ GU(°°) d e f i n e d  
b y  v ( 2 a i jX i y*^) = min ( ( i ,  j ) | a ^ j  /  0)  and  v ( 0 )  = °o . Now 
e x t e n d  v t o  Q ( x , y )  by  s e t t i n g  v ( r / s )  = v ( r )  -  v ( s )  f o r  
e a c h  r , s  e Q [ x , y ] , s  ^  0 ,  [ ZS2 *p.  37l > h e n c e  p r o d u c i n g  a 
v a l u a t i o n  on Q ( x , y ) ,  a n d  c o n s i d e r  t h e  v a l u a t i o n  r i n g  Dy = D .
I f  one  s t u d i e s  t h e  v a l u e  g r o u p  G a n d  i t s  s e g m e n t s  [ G , p .  1 8 4 - 8 6 ]  
i t  beco m es  c l e a r  t h a t  ( 1 )  i f  A a n d  B a r e  i d e a l s  o f  D 
s u c h  t h a t  B < A, t h e n  B c  MA w h e r e  M i s  t h e  m ax im a l  i d e a l
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o f  P ( h e n c e  P i s  a C - r i n g ) ,  a n d  (2 )  P i s  n o t  N o e t h e r i a n  
and  h e n c e  n o t  O e d e k i n d .
Q . E . P .
P e f i n i t i o n  2 . 8  A r i n g  R i s  s a i d  t o  b e  q u a s i - l o c a l  i f  i t  
h a s  a  u n i q u e  m a x im a l  i d e a l .
T heo rem  2 . 9  L e t  A b e  a  f i n i t e l y  g e n e r a t e d  i d e a l  i n  a 
q u a s i - l o c a l  dom ain  D . I f  A h a s  t h e  p r o p e r t y  t h a t  f o r  
a n y  i d e a l  B o f  D , B < A i m p l i e s  t h e r e  e x i s t s  an i d e a l  
C /  D o f  D s u c h  t h a t  B e  AC -  t h e n  A i s  p r i n c i p a l .
P r o o f : L e t  A = ( a ^ , . . . , a n ) a n d  s u p p o s e  ( a ^ )  < A f o r  
i  = l , . . . , n .  Then t h e r e  e x i s t s  an i d e a l  /  D i n  D s u c h
t h a t  ( a ^ )  c  AC^ f o r  i  = l , . . . , n  a n d  C M ,  t h e
m a x im a l  i d e a l  o f  D . Now AC^ c  A f o r  e a c h  i  , so
AE^Cf = E^AC, c  A and  A ̂  AE^C^ b y  N a k a y a m a 's  lemma,
[ L , p . 2 k 2] . H ow ever ,  A = E ^ a ^ )  c  E^AC^ < A i m p l i e s  A < A,
a c o n t r a d i c t i o n .  Hence  A = ( a ^ )  f o r  nome i  .
Q . E . P .
T h eo re m  2 . 1 0  I f  A i s  an i d e a l  i n  a  dom ain  D, t h e n  t h e  
f o l l o w i n g  a r e  e q u i v a l e n t .
( a )  A I s  i n v e r t i b l e .
(b )  A i s  f i n i t e l y  g e n e r a t e d  and  B < A
(B an i d e a l  o f  D) i m p l i e s  t h e  e x i s t e n c e  
o f  an i d e a l  C /  D o f  D s u c h  t h a t  B c  AC.
P r o o f : We may a ssu m e  A ^  D ; s u p p o s e  A s a t i s f i e s  (b )  and
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l e t  M be  a m ax im al  i d e a l  o f  D s u c h  t h a t  A c  M. I n  t h e  
q u a s i - l o c a l  r i n g  D^ t h e  i d e a l  AD^ = Ae i s  f i n i t e l y  
g e n e r a t e d .  S u p p o se  B < A , an i d e a l  o f  D^, and  n o t e  
t h a t  A fl Bc < A (w h e re  Bc = B OD)  and
( A n B C) e = Ae n BCe = Ae f l B b y  [ G,Thm. 3 -4 , p  . 3 4 ] ,  T h e r e  i s
an i d e a l  C ^  D i n  D s u c h  t h a t  A f l B C c  AC, and
c o n s e q u e n t l y  B = (A d  Bc ) e c  Ae Ce = (AC)e . I t  f o l l o w s  f ro m
T heorem  2 . 9  t h a t  Ae i s  a p r i n c i p a l  i d e a l  i n  f o r  e a c h
m a x im a l  i d e a l  M s u c h  t h a t  A c M ,  and  i t  i s  c l e a r  t h a t
D„ = AD,, = Ae f o r  e a c h  m a x im a l  i d e a l  M s u c h  t h a t  A <£ M . M M
S i n c e  A i s  f i n i t e l y  g e n e r a t e d  a n d  AD^ i s  p r i n c i p a l  f o r  
e v e r y  m ax im a l  i d e a l  M o f  D , i t  f o l l o w s  t h a t  A i s  
i n v e r t i b l e  i n  D f r o m  [ G , C o r .  6 . 5 , p .  7 2 ] .  C o n v e r s e l y ,  
s u p p o s e  A i s  i n v e r t i b l e  and  B < A, (B an i d e a l  o f  D ) .
Then C = BA- '*' i s  an i d e a l  o f  D , AC = B, and  A i s  
f i n i t e l y  g e n e r a t e d  [ G , p .  6 5 ] ,  [L M ,p .  1 2 5 ] ,
Q. E . D.
H em ark : The p r o o l ' s  g i v e n  i n  T h e o re m s  2 . 9  arid 2 . 1 0  a r e
v a l i d  f o r  a r e g u l a r  i d e a l  A o f  a r i n g  R.
C o r o l l a r y  2 . 1 1  A dom ain  D h a s  p r o p e r t y  CF i f  and  o n l y  i f  
D i s  P r u f e r .
P r o o f ; S i n c e  f i n i t e l y  g e n e r a t e d  i d e a l s  a r e  i n v e r t i b l e  i n  a  
P r u f e r  dom ain  ( D e f i n i t i o n  1 . 1 2 ) ,  i t  f o l l o w s  f r o m  T heorem  2 . 1 0  
t h a t  a  P r u f e r  dom ain  h a s  p r o p e r t y  CF. The c o n v e r s e  i s  c l e a r  
f r o m  T heorem  2 . 1 0 ,  s i n c e  f i n i t e l y  g e n e r a t e d  n o n - z e r o  i d e a l s
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i n  a CF-dom ain  a r e  i n v e r t i b l e .
Q .E .D .
C o r o l l a r y  2 . 1 2  The dom ain  D i s  a N o e t h e r i a n  CF-domain  i f
and  o n l y  i f  D i s  a  D e d e k in d  d o m a in .
P r o o f ; S i n c e  e v e r y  n o n - z e r o  i d e a l  i s  i n v e r t i b l e  i n  a 
N o e t h e r i a n  CF-domain  b y  T heorem  2 . 1 0 ,  and  s i n c e  D i s
D e d e k in d  i f  and  o n l y  i f  e a c h  n o n - z e r o  i d e a l  o f  D i s  i n ­
v e r t i b l e  [LM ,p .  137]> t h e  t h e o r e m  f o l l o w s .
Q .E .D .
CHAPTER I I I
I n  t h i s  c h a p t e r  we s t u d y  t h e  f i n i t e  u n i o n  o f  i d e a l s  
i n  c o n j u n c t i o n  w i t h  t h e  e q u i v a l e n c e  r e l a t i o n  q u a s i - e q u a l i t y ,  
d e n o t e d  ~  ( s e e  D e f i n i t i o n  3 . 1 ) .  I n  p a r t i c u l a r  we c o n s i d e r  
i d e a l s  A s u c h  t h a t  A = UAi  i m p l i e s  t h a t  A ~ A ^  f o r  some 
i  an d  we c o n s i d e r  r i n g s  i n  w h ic h  t h i s  i s  t r u e  f o r  a l l  
i d e a l s  A . Among o u r  r e s u l t s  a r e  t h e  f o l l o w i n g :  i f
A ^ , . . . , A  a r e  i d e a l s  a n d  A i s  a q u a s i - i n v e r t i b l e  i d e a l  o f  
a dom ain  D s u c h  t h a t  A = UA^ t h e n  A ~ A ^  f o r  some i  ; i f  
D i s  a c o m p l e t e l y  i n t e g r a l l y  c l o s e d  dom ain  a n d  A , A ^ , . . . , A n 
a r e  i d e a l s  o f  D , t h e n  A = (JA^ i m p l i e s  A ~ A ^  f o r  some 
i  ; and  i f  D i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  and  
A i , . . . , A n  a r e  v - i d e a l s  s u c h  t h a t  Ac UA^ ,  t h e n  A c A ^  f o r  
some i  .
D e f i n i t i o n  3»1 Two i d e a l s  A,B o f  R a r e  s a i d  t o  be  
q u a s i - e q u a l , d e n o t e d  A ~  B, i f  A* = B* w h e re  A* = (A-”^ ) - ^ ,  
( s e e  [ G , § 26 a nd  § 2 8 ] )  .
R e m a r k : A* = B* i f  a n d  o n l y  i f  A- ^ -  B- ^ ,  a nd  h e n c e  t h e
d e f i n i t i o n  o f  q u a s i - e q u a l i t y  g i v e n  h e r e  i s  t h e  same a s  t h a t  
o f  van d e r  Waerden a n d  A r t i n .




D e f i n i t i o n  3 . 3  An i d e a l  A o f  R i s  q u a s i - i n v e r t i b l e
i f  AA” 1 ~  R .
R e m a rk : N ex t  we w i l l  s t a t e  w i t h o u t  p r o o f  some o f  t h e
e l e m e n t a r y  p r o p e r t i e s  o f  "~" , " i n v e r s e " ,  and  Most  o f
t h e s e  a r e  f o u n d  i n  [ G, §  26 and  § 28] f o r  d o m a i n s ,  h o w e v e r  
t h e y  a r e  t r u e  f o r  r i n g s  and  t h e i r  p r o o f s  f o l l o w  e a s i l y  f ro m  
t h o s e  f o r  d o m a i n s .
T heorem  3 « L e t  A, B, C be  i d e a l s  o f  R . E ach  o f  t h e
f o l l o w i n g  h o l d s  i n  R .
(1 )  The r e l a t i o n  i s  an e q u i v a l e n c e  r e l a t i o n
on t h e  s e t  o f  i d e a l s  o f  R .
( 2 )  I f  A c  B, t h e n  B_1 c  A- 1 , A* c  b * ,  and
AB"1 c  R .
(3 )  A c  A*; A ~  A*; (A*)* = A*; (A* ) - 1  = A- 1  .
( 4 )  I f  A ~  B, t h e n  AC ~  BC and  A + C ~  B + C;
i f  AC ~  BC an d  C i s  q u a s i - i n v e r t i b l e ,
t h e n  A ~  B .
( 5 )  ( AB)* = ( A*B)* = ( A*B*)* ;
( A + B ) *  = (A* + B) * = ( A* + B* ) * .
Lemma 3»5 I f  A , A - ^ , . . . , A n a r e  i d e a l s  o f  R and
( A + A^) ~  R f o r  i  = 1 ,  . . . , n ,  t h e n  [ A + ( A j . . . A ^ ) ]  ~  R.
P r o o f : We w i l l  u s e  i n d u c t i o n  on n . The lemma i s  c l e a r  f o r
n = 1 .  A ssum ing  i t s  t r u t h  f o r  n = k -  1 ,  we h a v e
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[ A + ( Aj . . . A j ^ )  ] ~  R w h ic h  i m p l i e s  [ AAk + (A^_. . .Ak ) ] ~  A^ , 
and t h i s  i m p l i e s  A + [ AA^ + (A-  ̂. . . A^) ] ~  A + Â . ~  R . But 
A + AAk = A so  t h a t  A + ( A ^ . . . A k ) ~  R, and t h e  lemma 
f o l l o w s .
Q . E . D .
T heorem  3*6 I f  A i s  a q u a s i - i n v e r t i b l e  i d e a l  o f  a 
dom ain  D an d  G ^ , . . . , G n a r e  i d e a l s  o f  D s u c h  t h a t  
/  D  f o r  e a c h  i  , t h e n  A <4 U(AG^)* .
P r o o f : We u s e  i n d u c t i o n  on n . We n o t e  t h a t  AG^ c  A and
h e n c e  (AG^)* c  A*. S i n c e  A i s  q u a s i - i n v e r t i b l e  and 
G^ D, i t  f o l l o w s  t h a t  A /  AG^ • I f  A c  (AG^)*, t h e n  
A* c  (AG1 )* w h ic h  i m p l i e s  A* = ( AG-^)* , A ~  AG^, G^ ~  D a 
c o n t r a d i c t i o n .  T h e r e f o r e  A <4 (AG^)* and  t h e  t h e o r e m  i s  
t r u e  f o r  n = 1 .  Now s u p p o s e  t h e  t h e o r e m  i s  t r u e  f o r  
n = k - 1  (1 < k )  a nd  c o n s i d e r  n = k .  T h e r e  a r e  two c a s e s .
Ca3c 1 . T h e r e  e x i s t  two o f  G ^ , . . . , G  , s a y  and  G2 >
s u c h  t h a t  ( G ^ + G g )  4  D . Then by  t h e  i n d u c t i o n  h y p o t h e s i s  
t h e r e  e x i s t s  a e A s u c h  t h a t
a 4  (A(G1 + G 2 ) ) *  U (AG3 )*U. . .U(AGk )* .
But
(A(GX + G 2 ) ) *  = (AGX +AG2 ) # = ( (AG1 )* + (AG2 ) * ) *  ,
w h ic h  c o n t a i n s  (AG^)* and  (AG2 ) * .  Hence  a 4  U^CAG^)* , 
c o m p l e t i n g  t h e  p r o o f  i n  t h i s  c a s e .
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Case P. Oi f G ̂ ~ D for all i £ J in fl,...,k). Lemma
3.G implies that. G. + II G. ~ D for 1= l,...,k. Hence1 jj?i J
(1) (A ^ (AGi)* for i = 1 * . • . * k ;
for, if containment holds in (1) for some i , then
= (A - j ^ G j  + AG± ) * = A*
w h ic h  i m p l i e s  AG^ ~  A and  G^ ~  D, a c o n t r a d i c t i o n .  Now
l e t  a^  e (A ^IJ^G j )*  \  (AG^)* f o r  i  = 1 ,  . . . , k  a n d  s e t
k *a = ^ i ai  • Now a i  (AG1 ) f o r  i  = l , . . . , k  s i n c e
.g.
a t  € C ^AGi ^  f ° r  e a c h  t  /  i  . T h i s  c o m p l e t e s
t h e  a r g u m e n t  i n  t h i s  c a s e  and  t h e  t h e o r e m  f o l l o w s .
Q.E.D.
T heorem  3«7 I f  A ^ j . - . j A ^  a r e  i d e a l s  and  A i s  a q u a s i -  
i n v e r t i b l e  i d e a l  o f  D s u c h  t h a t  A = U A ^ , t h e n  A ~  A^ f o r  some i  .
* *
P r o o f ; I f  A = UAi  , t h e n  A c  UA^ s i n c e  Ai  c  A^ .
S u p p o se  A /  A^ f o r  e a c h  i  . Then A^A” ^ i s  an i d e a l  o f
D ( n o t e  we h a v e  A^ c  A) ,  and  Ai A_1 •/ D . Hence b y  Theorem
3 . 6 ,  A u ( A( A“ A^) )  , a c o n t r a d i c t i o n  s i n c e  (A(A A^)f  = A^
*
a n d  A c  (jA^ .
Q.E.D.
D e f i n i t i o n  3 . 8  An e l e m e n t  t  i n  t h e  t o t a l  q u o t i e n t  r i n g  T 
o f  R i s  s a i d  t o  b e  a l m o s t  i n t e g r a l  o v e r  R i f  t h e r e  e x i s t s
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some regular element re R such that tnre R for all
positive integers n . If M is the set of all elements
of T almost integral over R and M c R , then R is
said to be completely integrally closed.
C o r o l l a r y  3 . 9  I f  D i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  and  
A, A1 , . . . , A ^  a r e  i d e a l s  o f  D, t h e n  A = UA^ i m p l i e s
A ~  A^ f o r  some i  .
Proof: Each ideal of a completely integrally closed domain
is quasi-invertible [G,p. 3 9 5 ] t so this result follows 
immediately from Theorem 3 * 8 .
Q.E.D.
R e m a rk : The c o n v e r s e  o f  C o r o l l a r y  3 . 9  i s  f a l s e ,  a s  can  be
s e e n  by  l e t t i n g  D b e  a v a l u a t i o n  r i n g  o f  d i m e n s i o n  g r e a t e r  
t h a n  1 . D i s  n o t  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  [G, Thm. 
1 ^ . 5 » 3 * p .  1 7 8 ] ,  b u t  A = UA^ i m p l i e s  A = A^ ( a n d  h e n c e  
A ~  A^) f o r  some i  .
R e m a rk : We o b s e r v e  t h a t  a  K r u l l  dom ain  i s  c o m p l e t e l y
i n t e g r a l l y  c l o s e d ,  so  C o r o l l a r y  3*9  a p p l i e s  t o  K r u l l  d o m a i n s ,  
( s e e  [ G, §  35 ] ) •
I n  t h e  f o l l o w i n g  c o r o l l a r i e s ,  A, A1 , . . . , A n a r e  i d e a l s  
i n  t h e  dom ain  D .
Corollary 3 . 1 0  I f  A is quasi-invertible in D and
*
A c: UA^, t h e n  A* c: A^ f o r  some i  .
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Proof: A c  UA^ implies that there exist = A fl A^ for
i = l,...,n such that A = UB^ . By Theorem 3-7 A~B^
for some i so A* = B* c  A^ .
Q.E.D.
C o r o l l a r y  3 « H  I f  D i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,
t h e n  A c  uA^ i m p l i e s  A* c  A^ f o r  some i  .
Corollary 3»12 If A is quasi-invertible and A^, ...,A
are v-ideals such that A c l l A ^  then A c  A^ for some i .
Proof: By Corollary 3-10 A c A* c a | = A^ for some i .
Q.E.D .
Corollary 3»13 If D is completely integrally closed and
Al,,,,,An are v “ i d e a l s such that A c  UA^, then A c  A^ for 
some i .
Proof; A is quasi-invertible since D is completely 
integrally closed.
Q.E.D.
Remark: We point out the parallel between Corollary 3*13
for completely integrally closed domains and v-ideals, and 
the classical theorem for a ring R and prime ideals.
Theorem 3.1^ If A , A ^ , . . . , A n are ideals of a ring R such
that A = IJAj , then A- "̂  = fl^A- ^ .j. ± ■}_
Proof: Since A^ c  A, it is clear that A_ 1 c A “ 1
for i = 1,...,n and A"1 c  n ^ A "1 . If y e n ^A "1 , then
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yA^ <= R f o r  i  = 1 ,  . . . , n  and  y(UA^) = y A c  R , and 
y e A- 1
Q .E .D .
R e m a rk : The c o n v e r s e  o f  T heorem  3 -1 ^  i s  f a l s e  i n  g e n e r a l .
To s e e  t h i s  l e t  R = Z / ( 3 0 ) ,  A = 2R, A1 = 3R* A^ = 5R. Now
A” 1 = A"1 = A"1 = R , h e n c e  A"1!! A"1 = A- 1 , b u t  A / A x UA2 .
T heorem  3»15  I f  D h a s  t h e  p r o p e r t y  t h a t  f o r  a n y  f i n i t e l y  
g e n e r a t e d  i d e a l  A, A = UA^ i m p l i e s  A ~ A^  f o r  some i  ,
t h e n  t h e  same p r o p e r t y  h o l d s  f o r  a l l  i d e a l s  o f  D, f i n i t e l y
g e n e r a t e d  o r  n o t .
P r o o f : L e t  B b e  an i d e a l  o f  D s u c h  t h a t  B = (JB^ f o r
i d e a l s  B^ c  D, and  s u p p o s e  B /  B^ f o r  e a c h  i  . Then
s i n c e  B^ c  B c  B* we m u s t  h a v e  B^ c  B* an d  B* B^ w h ic h
i m p l i e s  B B^ f o r  e a c h  i  . Now l e t  A = ( a ^ , . . . , a  ) 
w h e re  a i  e B\ B^ f o r  e a c h  i  . We h a v e  A c  B = UB^ , w h ic h
I m p l i e s  A -  UB? w h e re  B^ = A fl B^ , and  n o t e  A i s
f i n i t e l y  g e n e r a t e d .  H ence  A ~  Bj f o r  some j  ( s i n c e  t h e
p r o p e r t y  h o l d s  f o r  f i n i t e l y  g e n e r a t e d  i d e a l s ) .  But t h i s
# *
i m p l i e s  A c  (B^)  c  B.  f o r  some j  w h ic h  i s  a  c o n t r a d i c t i o n  
J J
/ *s i n c e  a j  € A and  a j  i  Bj . I t  f o l l o w s  t h a t  B ~  B^ f o r
some i  .
Q .E .D .
CHAPTER IV
T h i s  c h a p t e r  d e a l s  w i t h  t h e  f i n i t e  u n i o n  o f  u n i t a r y  
R - m o d u le s ,  U - r i n g s  ( D e f i n i t i o n  4 . 2 ) ,  and  more  f a c t s  a b o u t  
U - r i n g s .  I t  i s  o b v i o u s  t h a t  a U - r i n g  i s  a U - r i n g ,  h o w e v e r  
t h e  c o n v e r s e  i s  f a l s e  ( s e e  t h e  r e m a r k  f o l l o w i n g  T heorem  
4 . 1 5 ) .  Some o f  o u r  r e s u l t s  i n  t h i s  c h a p t e r  a r e :  i f  t h e r e  
e x i s t s  an i n f i n i t e  s u b s e t  S o f  R s u c h  t h a t  x -  y  i s  a 
u n i t  o f  R f o r  x , y  e S w i t h  x ^  y ,  t h e n  R i s  a
U - r i n g ;  i f  R c o n t a i n s  an i n f i n i t e  s u b f i e l d  (w h e re  t h e
s u b f i e l d  h a s  t h e  same 1 a s  R ) ,  t h e n  R i s  a U - r i n g  an d  h e n c e  
a U - r i n g ;  i f  R i s  a q u a s i - l o c a l  r i n g  R w i t h  m ax im a l  i d e a l  
P ,  t h e n  R i s  a U - r i n g  i f  and  o n l y  i f  R /P  i s  i n f i n i t e ;  i f
R i s  a  q u a s i - l o c a l  r i n g  w i t h  m ax im a l  i d e a l  P , t h e n  R i s  
a U - r i n g  i f  a n d  o n l y  i f  R /P  i s  i n f i n i t e  o r  f i n i t e l y  
g e n e r a t e d  i d e a l s  o f  R a r e  p r i n c i p a l ;  and  i f  R '  i s  an 
o v e r r i n g  o f  a  U - r i n g  R s u c h  t h a t  R an d  R '  h a v e  t h e  same 
1 , t h e n  R 7 i s  a  U - r i n g .  We c l o s e  t h e  c h a p t e r  w i t h  an 
e x a m p le  o f  a dom ain  R w h ic h  i s  a U - r i n g  b u t  i t  d o e s  n o t  
c o n t a i n  an i n f i n i t e  f i e l d  and  i t  i s  n o t  a P r u f e r  d o m a in .
Lemma 4 . 1  I f  M i s  an a r b i t r a r y  R -m odu le  and
a r e  a r b i t r a r y  R - s u b m o d u l e s  o f  M , t h e  f o l l o w i n g  c o n d i t i o n s
a r e  e q u i v a l e n t .
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( a )  M = UM^ =» M = f o r  some i  .
( b )  M i s  f i n i t e l y  g e n e r a t e d  and  M = UM^ =» M = 
f o r  some i  .
P r o o f ; C l e a r l y  ( a )  =» ( b ) .  S up p o se  ( b )  h o l d s  and  c o n s i d e r
( a ) .  S u p p o se  < M f o r  e a c h  i  and  l e t  e M\M^ f o r
i  = l , . . . , n  . S e t  M'  = E^Rir^ and  = M' H M± f o r
i  = 1 ,  . . . , n  . Then M' = UM^ and  M7 i s  f i n i t e l y  g e n e r a t e d
so  t h a t  M7 = f o r  some i  , and  m^ e c  m^ ,  a
c o n t r a d i c t i o n .
Q.E.D.
D e f i n i t i o n  4 . 2  R i s  c a l l e d  a  U - r i n g  i f  t h e  f o l l o w i n g
h o l d s :  i f  a r e  su b m o d u le s  o f  an R -m odu le  M s u c h
t h a t  M = Um^ , t h e n  M = f o r  some i  .
R e m a r k ; I f  R i s  a  U - r i n g  t h e n  R i s  a U - r i n g ,  b u t  t h e
c o n v e r s e  i s  f a l s e .  The q u o t i e n t  r i n g  Z ^ ^ o f  Z i s  an e x am p le
o f  a U - r i n g  w h ic h  i s  n o t  a U - r i n g  ( s e e  Rem ark  f o l l o w i n g  
T heo rem  4 . 1 5 ) .
R e m a rk : I f  M i s  a p r i n c i p a l  R -m odu le  a n d  i f  M = UM^ , t h e n
M = f o r  some i  , w h e re  a r e  s u b m o d u le s  o f  M .
T heo rem  4 . 3  I f  t h e r e  e x i s t s  an i n f i n i t e  s u b s e t  S o f  R 
s u c h  t h a t  x -  y  i s  a u n i t  o f  R f o r  a l l  x , y  e S w i t h  
x ^  y ,  t h e n  R i s  a U - r i n g .
P r o o f : L e t  be  s u b m o d u le s  o f  a  f i n i t e l y  g e n e r a t e d
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R -m o d u le  M s u c h  t h a t  M = Un̂  , and  s u p p o s e  M = w i t h
r  t h e  m i n i m a l  n u m b er  o f  g e n e r a t o r s  o f  M . We may s u p p o s e
1 < r  by t h e  "Remark"  a b o v e .  C o n s i d e r  t h e  s e t
E = {ex = E ^x1“ 1m1 | x e  S , x °  = 1 )  w h e re  S i s  a s  i n  t h e
h y p o t h e s i s ,  a nd  n o t i c e  t h a t  x /  y  i n  S i m p l i e s  t h a t
e £  e i n  E , s i n c e  x -  y  i s  a u n i t  i n  R and  r  i sx y
m i n i m a l .  S i n c e  E c  M = UM.̂  and  E i s  i n f i n i t e ,  we s e e
t h a t  some c o n t a i n s  a t  l e a s t  r  e l e m e n t s  o f  E ,  s a y
r  i - 1e j  = e x = f o r  j  = 1 , . . . , r .  Now b y  C r a m e r ' s
J r  i —1
r u l e  [M B,p .  3 0 ^ - 5 ]  we s o l v e  t h e  s y s t e m  £jL_ILx j"" mi  = e j
j  = 1 ,  , . , r  and  o b t a i n
( 1 )  dnij = ^ i = 1 d i  e^  f o r  j = l , . . . , r
J
w h e re  d i s  t h e  d e t e r m i n a n t  o f  t h e  c o e f f i c i e n t  m a t r i x  
( Xj - ^ )  an d  d ,  = ( - 1 ) ^ +^ d e t (A ^  ) w h e re  A, i s  t h e  m a t r i x
3 1J 1j
o b t a i n e d  f r o m  t h e  c o e f f i c i e n t  m a t r i x  by  s t r i k i n g  o u t  row i  
an d  co lum n J . Now d i s  a  V anderm onde  d e t e r m i n a n t ,  so  
d = I l j ^ k (Xj -  x k ) i s  a u n i t  i n  R a n d  (1 )  i m p l i e s  t h a t  
nij e E^Re1 c  f o r  j  = 1 ,  . . . , r  and  M = .
Q .E .D .
C o r o l l a r y  4 . 4  I f  t h e r e  e x i s t s  an i n f i n i t e  s u b s e t  S o f  
R s u c h  t h a t  x - y  i s  a u n i t  o f  R f o r  x , y  e S w i t h  
x ^  y ,  t h e n  R i s  a U - r i n g .
P r o o f : I f  R i s  a U - r i n g ,  t h e n  R i s  a U - r i n g .
Q.E.D.
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Corollary 4.5 If R contains an infinite subfield K 
(where R and K have the same 1), then R is a U-ring and 
hence a U-ring. In particular, if V is a vector space 
over an infinite field K, then V is not the union of a 
finite number of proper subspaces.
Remark; We note that Q[x,y] is a U-ring and Z[x] is not 
(see Example 6.1), while both are polynomial rings in one 
indeterminate over a Euclidian ring.
Corollary 4.6 Using the notation of Theorem 4.3* if there 
are at least n(r-l) +1 elements in S then M is not the 
union of n or fewer proper submodules.
Proof; This follows from the proof given for Theorem 4.3.
Q .E .D .
Definition 4.7 A ring R is said to be quasi-local if it 
has a unique maximal ideal.
Theorem 4.8 If R is a quasi-local ring with maximal 
ideal P and R/P is infinite, then R is a U-ring (in fact,
there exists an infinite set S of the type described in
Theorem 4.3).
Proof: Letting S be a complete set of representatives of
the collection of all non-zero cosets of P in R, the result
follows immediately from Theorem 4.3 since x,ye S (with 
x £ y) implies x - y e R\P and x - y is a unit in R .
Q.E.D.
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C o r o l l a r y  4 . 9  U n d e r  t h e  h y p o t h e s i s  o f  T heorem  4 . 8 ,  R i s  
a U - r i n g .
R e m a r k ; S e v e r a l  o f  t h e  f o l l o w i n g  t h e o r e m s  d e a l  w i t h  t h e  
f i e l d  R /P  -  w h e re  R i s  a  r i n g  and  P i s  a m a x im a l  i d e a l  
o f  R -  and  t h e  v e c t o r  s p a c e  M/PM o v e r  R / P ,  w h e re  M i s  an 
R - m o d u le .  The o p e r a t i o n  b e tw e e n  R /P  and  M/PM i s  t h e  
" n a t u r a l "  o r  " u s u a l "  o n e  d e f i n e d  a s  ( r + P ) • (m+PM) = r m + PM 
w h e re  r  + P e R / P  and  m + PM e M/PM ( s e e  [ Z S ^ , p .  1 3 9 - 4 0  and  
p .  1 4 5 ] ) .
T heo rem  4 . 1 0  I f  t h e r e  e x i s t s  a m ax im a l  i d e a l  P o f  R and  
an R -m o du le  M s u c h  t h a t  R /P  i s  f i n i t e  ( w i t h  q = n - 1  e l e m e n t s ) 
a nd  t h e  v e c t o r  s p a c e  M/PM i s  n o t  o n e - d i m e n s i o n a l  o v e r  t h e  
f i e l d  R / P ,  t h e n  t h e r e  e x i s t  s u b m o d u le s  < M f o r  i  = l , . . . , n  
s u c h  t h a t  M = UM^ a nd  h e n c e  R i s  n o t  a  U - r i n g .
P r o o f ; Assume t h a t  t h e  d i m e n s i o n  o f  M = M/PM a s  a  v e c t o r  
s p a c e  o v e r  R = R /P  i s  g r e a t e r  t h a n  1 , and  l e t  B be  a  b a s i s  
f o r  M o v e r  R . L e t  b̂ _ and  b 2 b e  d i s t i n c t  e l e m e n t s  o f  
B a n d  c o n s i d e r  t h e  f o l l o w i n g  s u b s e t s  o f  M ,
E-j_ = B -  {b-jJ , E 2 = B -  {b2 J , E 2 + i  = [ B - { b 1 , b 2 ] ] U {b-  ̂ + x i b 2 ) w h e re  
x ^ , . . . , X q _2  a r e  t h e  n o n - z e r o  e l e m e n t s  o f  R (R o f  o r d e r  q ) .  
L e t  A^ be  t h e  su b m o d u le  o f  M g e n e r a t e d  by E^ f o r  
i  = l , . . . , q + l .  We c l a i m  t h a t  M = U^+^A^ a nd  A^ < M f o r  
e a c h  i  . I t  I s  c l e a r  t h a t  A^ < M f o r  i  -- 1 , 2  and  we w i l l  
show t h a t  b^  /  f o r  2 < i .  I f  b^  c A^ f o r  2 < i ,  t h e n
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( 1 )  b x -  r ( b 1 + x 1b 2 ) + E j = 1 r j b  j
/
w h e re  r c R ,  r_j e R, b j  € B an d  b j  ^  b-^, b p  f o r  j  = 1 ,  . . . ,n  
From (1 )  we h a v e
(2) ( l - r j b ^  = rx^b2 + *
w h ic h  i m p l i e s  t h a t  r  = l  and  x^  = 0 s i n c e  B i s  a  b a s i s ,  a 
c o n t r a d i c t i o n  s i n c e  x^  /  0 i n  R .
I t  i s  c l e a r  t h a t  c  M , so  c h o o s e  x e M  . Then
( 3 )  x  = S-Lr i b i*  e R, b i  e B, i  = l , . . . , n
I f  e i t h e r  o r  r 2 = 0 ,  t h e n  x b e l o n g s  t o  A1 o r  A2 .
S u p p o s e  r i r 2 ^  0 and  xk = r 2r l ^  * ^  f o l l o w s  f r o m  (3 )
t h a t  r ^ x  € A^ a nd  x e Ak . L e t  f  :M "* M be  t h e  c a n o n i c a l
hom om orph ism ,  and  s e t  = f _ 1 (A^) f o r  i  = 1 , . . . , q + l .  Then
M = and  < M f o r  e a c h  i  ; t h e  r e s u l t  f o l l o w s
w i t h  n = q+1 .
Q .E .D .
Kcinn r k : The f'o.l1 owl rig I n  c l e a r  by Coro]  ] n r y  ^1.5 and
T heorem  A . 1 0 : .  I f  V i s  a  v e c t o r  s p a c e  o v e r  a  f i e l d  K t h e n  
V i s  t h e  u n i o n  o f  a  f i n i t e  n u m b er  o f  p r o p e r  s u b s p a c e s  i f  
a n d  o n l y  i f  t h e  d i m e n s i o n  o f  V i s  g r e a t e r  t h a n  one  and  K 
i s  f i n i t e .  I n  f a c t ,  i f  V i s  s u c h  a  v e c t o r  s p a c e  a n d  K
i s  o f  o r d e r  q  t h e n  b y  T h eo rem  U .1 0  we h a v e  t h a t  V i s  t h e
u n i o n  o f  q  + 1 p r o p e r  s u b s p a c e s .
T heorem  4 . 1 1  I f  t h e r e  e x i s t  a  m ax im a l  i d e a l  P o f  R and  
an i d e a l  A o f  R s u c h  t h a t  R /P  i s  f i n i t e  a n d  A/AP i s
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n o t  one  d i m e n s i o n a l  o v e r  R /P ,  t h e n  R i s  n o t  a U - r i n g .
P r o o f ; The p r o o f  o f  T heorem  4 . 1 0  i s  v a l i d  h e r e  i f  t h e  
R -m o d u le s  i n v o l v e d  a r e  r e p l a c e d  by i d e a l s  o f  R .
Q .E .D .
T heorem  4 . 1 2  I f  R /P  i s  f i n i t e ,  w h e r e  P i s  t h e  
m ax im a l  i d e a l  o f  t h e  q u a s i - l o c a l  r i n g  R , an d  t h e r e  e x i s t s  
a f i n i t e l y  g e n e r a t e d  R -m o du le  M w h ic h  i s  n o t  p r i n c i p a l  ( i . e .  
n o t  g e n e r a t e d  b y  one  e l e m e n t ) ,  t h e n  R i s  n o t  a  U - r i n g .
P r o o f : I f  M i s  f i n i t e l y  g e n e r a t e d  a nd  n o t  p r i n c i p a l ,  t h e n
s o  i s  M/MP a s  a v e c t o r  s p a c e  o v e r  R /P  £ N ,p .  13]  an d  t h e  
c o n c l u s i o n  f o l l o w s  f ro m  T heorem  4 . 1 0 .
Q .E .D .
T h eo rem  4 . 1 3  I f  R /P  i s  f i n i t e ,  w h e re  P i s  t h e  m ax im al  
i d e a l  o f  t h e  q u a s i - l o c a l  r i n g  R , and  t h e r e  e x i s t s  a 
f i n i t e l y  g e n e r a t e d  i d e a l  o f  R w h ic h  i s  n o t  p r i n c i p a l ,  t h e n  
R i s  n o t  a  U - r i n g .
P r o o f ; T h i s  f o l l o w s  f ro m  T heorem  4 . 1 1  a s  T heorem  4 . 1 2  f o l l o w s  
f r o m  T heorem  4 . 1 0 .
Q .E .D .
T heorem  4 . 1 4  I f  R i s  a q u a s i - l o c a l  r i n g  w i t h  m ax im a l
i d e a l  P ,  t h e n  R i s  a U - r i n g  i f  a n d  o n l y  i f  R /P  i s  i n f i n i t e .
P r o o f ; S u p p o se  R /P  i s  f i n i t e  and  c o n s i d e r  t h e  p o l y n o m i a l  r i n g  
R [ x , y ]  i n  two i n d e t e r m i n a t e s  x , y  o v e r  R. The R -m od u le  
Rx + Ry i s  f i n i t e l y  g e n e r a t e d  and  n o t  p r i n c i p a l ,  s o  R i s
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n o t  a  U - r i n g  b y  T heorem  4 . 1 2 .  The c o n v e r s e  i s  c l e a r  f ro m  
T heorem  4 . 8 .
Q .E .D .
T heorem  4 . 1 8  R i s  a  q u a s i - l o c a l  r i n g  w i t h  m ax im a l
i d e a l  P , t h e n  R i s  a  U - r i n g  i f  a n d  o n l y  i f  R /P  i s  
i n f i n i t e  o r  f i n i t e l y  g e n e r a t e d  i d e a l s  o f  R a r e  p r i n c i p a l .
P r o o f : I f  R i s  a  U - r i n g  and  R /P  i s  f i n i t e ,  t h e n  f i n i t e l y
g e n e r a t e d  i d e a l s  o f  R a r e  p r i n c i p a l  b y  T heorem  4 .1 3 *  
C o n v e r s e l y ,  i f  R/P i n  i n f i n i t e ,  t h e n  U i n  n U -r : ln g  by  
C o r o l l a r y  4 . 9 ,  and  i f  R i s  a  B e z o u t  r i n g  t h e n  R i s  a 
U - r i n g  by  C o r o l l a r y  1 .5 *
Q .E .D .
R e m a rk : E v e r y  U - r i n g  i s  a U - r i n g ,  b u t  t h e  c o n v e r s e  i s
f a l s e  -  e . g .  a q u a s i - l o c a l  B e z o u t  r i n g  i n  w h ic h  R /P  i s
f i n i t e  ( s e e  T h eo re m s  4 . 1 4  and  4 . 1 5 )  s u c h  a s  t h e  q u o t i e n t  
r i n g  Z ( 2 ) ^ w i t h  r e s p e c t  t o  ( 2 ) .
T heorem  4 . 1 6  I f  R 7 i s  a n y  o v e r r i n g  o f  a  U - r i n g  R s u c h
t h a t  R a n d  R '  h a v e  t h e  same 1 ,  t h e n  R 7 i s  a  U - r i n g .
P r o o f : I f  M ,M ^ , . . . , 1 ^  a r e  R 7- m o d u l e s ,  t h e n  t h e y  a r e  
R - m o d u le s  h e n c e  Um^ = M i m p l i e s  M=M^ f o r  some i  , and  
R ' i s  a U - r i n g .
Q .E .D .
Remark :  I t  i s  c l e a r  t h a t  i f  R c o n t a i n s  an i n f i n i t e  f i e l d
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K s u c h  t h a t  K and  R h a v e  t h e  same 1 , t h e n  R h a s  a 
s u b s e t  S a s  d e s c r i b e d  i n  T heorem  4 . 3 *  and  R i s  a U - r i n g .
I t  i s  a l s o  c l e a r  t h a t  i f  R i s  a P r U f e r  d o m a in ,  t h e n  R i s  
a U - r i n g .  The q u e s t i o n  a s  t o  w h e t h e r  c o n t a i n i n g  an i n f i n i t e  
f i e l d ,  o r  b e i n g  P r u f e r  a r e  n e c e s s a r y  c o n d i t i o n s  i n  o r d e r  
t h a t  a dom ain  R be  a U - r i n g  i s  a n s w e r e d  by  t h e  f o l l o w i n g  
e x a m p l e .
Exam ple  4 . 1 7  We c o n s t r u c t  a q u a s i - l o c a l  dom ain  R w h ic h :
( a )  C o n t a i n s  n nob f, a s  i n  Theorem 4 . 3  and hnncn  
i s  a U - r i n g .
(b )  Does n o t  c o n t a i n  an i n f i n i t e  f i e l d ,  and
( c )  I s  n o t  P r u f e r .
L e t  D be  a n o n - m a x im a l  o r d e r  i n  an a l g e b r a i c  
num ber  f i e l d  Q ( a ) j  t h a t  i s ,  D i s  i n t e g r a l  o v e r  Z, D i s  
n o t  i n t e g r a l l y  c l o s e d ,  and t h e  q u o t i e n t  f i e l d  o f  D i s  Q ( a ) .  
F o r  e x a m p le ,  t a k e  D = Z [ / 5 ]  i n  Q [ / 5 ] .  N o te  t h a t  D i s  a 
N o e t h e r i a n  dom ain  i n  w h ic h  p r o p e r  p r i m e  i d e a l s  a r e  m a x im a l ,  
an d  c o n s e q u e n t l y  e v e r y  p r o p e r  i d e a l  o f  D i s  a p r o d u c t  o f  
n o n - f a c t o r a b l e  p r i m a r y  i d e a l s  (N i s  a n o n - f a c t o r a b l e  i d e a l  
p r o v i d e d  N i s  a p r o p e r  i d e a l  and  N = AB, w i t h  A,B i d e a l s
o f  D, i m p l i e s  one  o f  A and  B i s  D ) . S i n c e  D i s
n o t  a D e d e k in d  d o m a in ,  t h e r e  e x i s t  n o n - f a c t o r a b l e  p r i m a r y  
i d e a l s  o f  D w h ic h  a r e  n o t  p r i m e  i d e a l s .  L e t  P be  a 
p r o p e r  p r i m e  i d e a l  o f  D s u c h  t h a t  P c o n t a i n s  a n o n -
f a c t o r a b l e  p r i m a r y  i d e a l  H w h ic h  i s  n o t  p r i m e  and  s e t
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J - Op , t h e  q u o t i e n t  r i n g  o f  F> w i t h  r e s p e c t ,  t o  P . L e t
p -  j ( x ) = «J[ x 1 n , w h e re  S i s  t h e  m u l t i p l i c a t i v e  s y s t e m
i n  t h e  p o l y n o m i a l  r i n g  J [ x ]  c o n s i s t i n g  o f  a l l  p o l y n o m i a l s
a + a nx +  + a x n w i t h  (a  . a-. , . . . ,  a„  ) J  = J  ,o ± n x o x  n
[ G , p .  3 7 9 ] * [ N , p .  1 7 ] .  We o b s e r v e  t h a t  J  i s  n o t  i n t e g r a l l y  
c l o s e d  ( i f  i t  i s ,  t h e n  J  i s  a r a n k  one  d i s c r e t e  v a l u a t i o n  
r i n g  and  HJ i s  a p o w e r  o f  P J ,  c o n t r a d i c t i n g  t h e  
a s s u m p t i o n s  on H and  P ) , and  h e n c e  J  i s  n o t  a P r u f e r  
d o m a in .  H ow ever ,  J  i s  a l o c a l  r i n g  and  t h u s  R i s  a l o c a l  
r i n g  [ N , p .  1 8 ] .  We c l a i m  t h a t  R H Q (a )  = J  ( r e c a l l  t h a t  
Q(ct) i s  t h e  q u o t i e n t  f i e l d  o f  J  ) .  L e t  ( p ( x ) / q ( x ) ) = k e  Q (a )  
w h e re  0 /  p ( x )  e J [ x ]  and  q ( x )  e S ; e q u a t i n g  c o e f f i c i e n t s  
we g e t  e q u a t i o n s  p^  = kqp w he re  e J  f’o r  1 = 1 *
and  h e n c e  k e J  s i n c e  ( q ^ , . . . , q n ) j  = J ,  c o m p l e t i n g  t h e
p r o o f  o f  t h e  c l a i m .  I t  now f o l l o w s  t h a t  R i s  n o t  i n t e g r a l l y  
c l o s e d ,  s i n c e  J  i s  n o t  i n t e g r a l l y  c l o s e d ,  and  t h e r e f o r e  
R i s  n o t  a P r U f e r  d o m a in .  Now R/PR = ( J / P J ) ( x )  [ N , p .  1 8 ] ,
J / P J  i s  a f i n i t e  f i e l d  o f  p r i m e  c h a r a c t e r i s t i c  p ,
( J / P J ) ( x )  i s  an i n f i n i t e  f i e l d ,  and  R/PR i s  an i n f i n i t e  
f i e l d .  Hence a s u b s e t  o f  R o f  t h e  d e s i r e d  t y p e  e x i s t s  by 
T heorem  4 . 8 .  I f  R c o n t a i n s  an i n f i n i t e  s u b f i e l d  F ,  t h e n  
F m u s t  b e  o f  c h a r a c t e r i s t i c  z e r o  s i n c e  R ^  Z, i m p l y i n g
Q c  F c  R, a c o n t r a d i c t i o n  s i n c e  Q R.
Q .E .D .
T heorem  4 . 1 8  A hom om orph ic  im age  R o f  a U - r i n g  R i s  a
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U - r i n g ,  and  any  u n i t a r y  o v e r r i n g  o f  R i s  a U - R i n g .  I n  
p a r t i c u l a r ,  a q u o t i e n t  r i n g  Rg o f  R w i t h  r e s p e c t  t o  a 
m u l t i p l i c a t i v e  s y s t e m  S i s  a U - r i n g .
P r o o f ; I f  f : R - >  R i s  a r i n g  homomorphism and  M i s  an 
R - m o d u le ,  t h e n  M i s  a l s o  an R -m o du le  w h e re  t h e  m odu le
a c t i o n  * i s  d e f i n e d  b y  r*m = f ( r ) m  f o r  r  € R and  m e  M.
The p r o o f  i s  c o m p l e t e d  by  a p p l y i n g  T heorem  4 . 1 6  and  o b s e r v i n g  
t h a t  Rg i s  a u n i t a r y  o v e r r i n g  o f  a hom om orph ic  image o f  
R .
Q .E .D .
T heorem  4 . 1 9  I f  R i s  a U - r i n g ,  t h e n  R/A i s  i n f i n i t e
f o r  e v e r y  i d e a l  A ^  R o f  R .
P r o o f .  F o r  e a c h  p r o p e r  p r i m e  i d e a l  P o f  R t h e  q u o t i e n t  r i n g  
Rp i s  a U - r i n g ,  and  h e n c e  F = Rp/PRp i s  i n f i n i t e  by 
T heorem  4 . 1 4 .  S i n c e  F i s  i s o m o r p h i c  t o  t h e  q u o t i e n t  f i e l d
o f  R /P  [Z S1 , p .  2 2 7 ] ,  i t  f o l l o w s  t h a t  R /P  i s  i n f i n i t e .
L e t  A ^  R b e  an i d e a l  and  l e t  P be  a p r i m e  i d e a l  c o n t a i n i n g  
A. S i n c e  ( R / A ) / ( P / A )  ~  R / P ,  i t  f o l l o w s  t h a t  R/A i s  
i n f i n i t e .
Q .E .D .
R e m a rk ; We o b s e r v e  t h a t  a  g e n e r a l  o v e r r i n g  o f  a U - r i n g  n e e d  
n o t  b e  a U - r i n g  ( s e e  T heorem  4 . 1 6 ) ;  e . g .  i f  R^ i s  a U - r i n g  
a n d  Rp i s  n o t ,  t h e n  R-  ̂ © Rp i s  n o t  a U - r i n g  by  T heorem  
4 . 1 8 .
CHAPTER V
In  t h i s  c h a p t e r  we s t u d y  t h e  r e l a t i o n s h i p  b e tw e e n  
an i d e a l  A i n  R and  t h e  i d e a l  ARp o f  t h e  r i n g  Rp b y  m eans  
o f  t h e  v e c t o r  s p a c e  A/AP o v e r  t h e  f i e l d  R / P ,  w he re  P i s  a 
m ax im a l  i d e a l  o f  R . We u s e  t h e  r e s u l t s  t o  g i v e  f u r t h e r  
f a c t s  a b o u t  U - r i n g s .  The i m p o r t a n t  r e s u l t s  o f  t h i s  c h a p t e r  
a r e :  i f  P i s  a m ax im a l  i d e a l  i n  a U - r i n g  R s u c h  t h a t  R /P  
i s  f i n i t e ,  t h e n  Rp i s  a B e z o u t  r i n g ;  i f  D i s  a dom ain  
s u c h  t h a t  D /P  i s  f i n i t e  f o r  e a c h  m a x im a l  i d e a l  P o f  D, 
t h e n  D i s  a U - r i n g  i f  and  o n l y  i f  D i s  P r u f e r ;  a nd  i f  
we l e t  Z be  t h e  i n t e g r a l  c l o s u r e  o f  Z i n  a f i n i t e  
a l g e b r a i c  e x t e n s i o n  Q (a )  o f  Q and  l e t  D be  a dom ain  s u c h
t h a t  Z c D c z  , t h e n  D i s  a  U - r i n g  i f  and  o n l y  i f  D i s
i n t e g r a l l y  c l o s e d .
Lemma L e t  R be  a  r i n g ,  P a m ax im a l  i d e a l  o f  R , A
a f i n i t e l y  g e n e r a t e d  n o n - p r i n c i p a l  i d e a l  o f  R s u c h  t h a t  
A/AP i s  a o n e - d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  R /P  ( i n  t h e  
n a t u r a l  w a y ) .  Then i f  A i s  g e n e r a t e d  b y  n e l e m e n t s  
(1  < n ) ,  ARp i s  g e n e r a t e d  b y  n -  1 e l e m e n t s .
P r o o f :  L e t  A = ( a ^ , . . . , a  ) .  S i n c e  A/AP i s  a one
d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  R /P ,  t h e r e  e x i s t s  a  e A s u c h
t h a t
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( 1 )  A +A P = ( a )  +A P
L e t  a  = ^ 2x i a ^ w i t h  x^  e R . S i n c e  e A f o r
j  = l , . . . , n ,  f r o m  ( 1 )  we h a v e  t h a t  t h e r e  e x i s t  r ^  e R and
p ^ j  e P s u c h  t h a t
(2) Sj = rjE^_2x i ai  ^ i - l ^ i j ai '  J = •
S u p p o se  t h a t  one  o f  t h e  x p b e l o n g s  t o  P , s a y
x k  e P . Take  j  = k  i n  (2) an d  n o t e  t h a t  t h e  c o e f f i c i e n t
o f  a k i n  (2) i s  c k = 1 -  r kx k -  p kk  ; now n o t i c e  P ,
so  c k b e co m es  a u n i t  i n  Rp . T h i s  i m p l i e s  t h a t  a k can  
be  e x p r e s s e d  i n  t e r m s  o f  t h e  o t h e r  a^  ( i . e .  i  /  k )  i n  Rp , 
and  ARp i s  g e n e r a t e d  b y  t h e  im a g e s  o f  t h e  
Rp u n d e r  t h e  c a n o n i c a l  map R Rp . Now, s u p p o s e  t h a t
x^  i  P f o r  i  = 1 , . . . , n  . Take  j  = 1  i n  (2 )  and  c o n s i d e r  
t h e  c o e f f i c i e n t  c p = r ^ X p + p ^  o f  a p w h ic h  o c c u r s  i n  ( 2 ) .
Tf r p /  P , t h e n  c p /  P and  we c a n  e x p r e s s  a p i n  t e r n s  
o f  t h e  o t h e r  a^  i n  Rp a:; a b o v e .  I f  r ^  e P,  t h e n  t h e  
c o e f f i c i e n t  c p = 1 -  r-,x-, -  p -^  o f  a p i n  (2) i s  n o t  i n  P
and  a p c an  b e  e x p r e s s e d  i n  t e r m s  o f  t h e  o t h e r  a^  •
Q . E . D.
R e m a rk : R e c a l l  f r o m  D e f i n i t i o n  1 . 4  t h a t  a B e z o u t  r i n g  i s
a r i n g  R i n  w h ic h  f i n i t e l y  g e n e r a t e d  i d e a l s  a r e  p r i n c i p a l .
Lemma 5»2 L e t  P be  a m a x im a l  i d e a l  o f  a r i n g  R . I f  
A/AP i s  a one  d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  R /P  f o r  e a c h  
f i n i t e l y  g e n e r a t e d  i d e a l  A o f  R , t h e n  Rp i s  a B e z o u t  r i n g ,
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P r o o f : L e t  h :R  Rp be  t h e  c a n o n i c a l  homomorphism
[ ZSl f p . 2 2 1 - 2 2 ] ,  and l e t  B = s " =1 ( h ( b ± ) / h ( p ± ) ) R  b e  a 
f i n i t e l y  g e n e r a t e d  i d e a l  o f  Rp w i t h  t h e  n g e n e r a t o r s  
h ( b i ) / h ( s i ) w h e re  t h e  b i  e R, t h e  e R \P ,  and  n i s  
m i n i m a l .  I t  i s  c l e a r  t h a t  B = £ ^ h ( b ^ ) R p , s i n c e  h ( s ^ )  i s  
a u n i t .  S u p p o se  l < n  and  c o n s i d e r  t h e  i d e a l  A = ( b ^ ,  . . . , b  )
i n  R . By Lemma 5*1 ARp = B i s  g e n e r a t e d  b y  n -  1 o f  t h e
h ( b i ) ,  a c o n t r a d i c t i o n  s i n c e  n i s  m i n i m a l .
Q.E • D •
T heorem  5 . 3  I f  P i s  a m ax im al  i d e a l  i n  a U - r i n g  R su c h
t h a t  R /P  i s  f i n i t e ,  t h e n  Rp i s  a B e z o u t  r i n g .
P r o o f : I f  R i s  a U - r i n g  and  R /P  i s  f i n i t e ,  t h e n  by
T heorem  4 . 1 1  A/AP i s  one  d i m e n s i o n a l  o v e r  R /P  f o r  e v e r y  
i d e a l  A o f  R . In  p a r t i c u l a r  A/AP i s  one  d i m e n s i o n a l  
f o r  e a c h  f i n i t e l y  g e n e r a t e d  i d e a l  A, a n d  Rp i s  a B e z o u t  
r i n g  by  Lemma 5 . 2 .
Q . E . D •
C o r o l l a r y  5 . 4  I f  D i s  a dom ain  s u c h  t h a t  D/P i s  f i n i t e  
f o r  e a c h  m ax im a l  i d e a l  P o f  D , t h e n  D i s  a U - r i n g  i f  
and o n l y  i f  D i s  P r i i f e r .
P r o o f : I f  D i s  a U - r i n g ,  t h e n  by  T heorem  5*3 we know t h a t
Dp i s  B e z o u t ,  h e n c e  P r i i f e r ,  h e n c e  a v a l u a t i o n  r i n g .  But 
t h i s  i m p l i e s  t h a t  D i s  a P r i i f e r  dom ain  [ G , p .  2 5 4 ] .  
C o n v e r s e l y ,  i f  D i s  a P r u f e r  dom ain  t h e n  D i s  a U - r i n g
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b y  C o r o l l a r y  1 . 1 3 •
Q • £ • D .
T heorem  5 . 6  L e t  Z be  t h e  i n t e g r a l  c l o s u r e  o f  Z i n  a
f i n i t e  e x t e n s i o n  Q(&) o f  Q and l e t  D be  a dom ain  s u c h
t h a t  Z C D c Z  . Then D i s  a U - r i n g  i f  and  o n l y  i f  D i s
i n t e g r a l l y  c l o s e d .
P r o o f ; I f  D i s  i n t e g r a l l y  c l o s e d ,  t h e n  D i s  a D e d e k in d  
dom ain  ( h e n c e  P r u f e r )  and  a U - r i n g  by  C o r o l l a r y  1 . 1 3 •  
C o n v e r s e l y ,  s u p p o s e  D i s  n o t  i n t e g r a l l y  c l o s e d .  By t h e  
a rg u m e n t  i n  Exam ple  4 .1 7 ,  t h e r e  e x i s t s  a p r i m e  i d e a l  P i n
D s u c h  t h a t  Dp i s  n o t  i n t e g r a l l y  c l o s e d .  S e t t i n g  
Pe = PDp, we c l a i m  t h a t  D p /P e i s  f i n i t e .  Now 
D p /P e ^  D /P  [ Z S ^ , p .  2 2 6 - 2 7 ] .  S i n c e  Z i s  a f i n i t e  Z -m o d u le ,  
D i s  a l s o  a f i n i t e  Z -m odu le  and  D/P i s  a f i n i t e  Z/(POZ) 
m o d u le .  T h i s  means t h a t  D/P i s  a f i n i t e l y  g e n e r a t e d  m od u le  
o v e r  a f i n i t e  f i e l d ,  h e n c e  f i n i t e .  S i n c e  Dp i s  n o t  
i n t e g r a l l y  c l o s e d ,  i t  i s  n o t  P r u f e r  and  t h e r e  i s  a f i n i t e l y  
g e n e r a t e d  i d e a l  w h ic h  i s  n o t  i n v e r t i b l e  ( h e n c e  n o t  
p r i n c i p a l ) .  By T heorem  4 . 1 5  i t  f o l l o w s  t h a t  Dp i s  n o t  a 
U - r i n g ,  and  by T heorem  1 . 1 7  we h a v e  t h a t  D i s  n o t  a U - r i n g .
Q .E . D .
T heorem  5 . 7  L e t  D b e  a N o e t h e r i a n  dom ain  i n  w h ic h  p r o p e r  
p r i m e  i d e a l s  a r e  m a x i m a l .  I f  P i s  a p r i m e  i d e a l  o f  D 
s u c h  t h a t  D/P i s  f i n i t e  and  Dp i s  n o t  i n t e g r a l l y  c l o s e d ,  
t h e n  D i s  n o t  a U - r i n g  .
^5
P r o o f : S i n c e  Pp i s  n o t  i n t e g r a l l y  c l o s e d  i t  i s  n o t  
P r u f e r ,  so  t h e r e  i s  some f i n i t e l y  g e n e r a t e d  i d e a l  w h ic h  i s  
n o t  i n v e r t i b l e  and  h e n c e  n o t  p r i n c i p a l .  T h i s ,  t o g e t h e r  
w i t h  D p /P e ~  D /P  , i m p l i e s  t h a t  Dp i s  n o t  a U - r i n g  and 
h e n c e  n e i t h e r  i s  D by  T heorem  1 . 1 7 .
Q. E . D .
CHAPTER VI
T h i s  c h a p t e r  i s  d e v o t e d  t o  c o n s i d e r i n g  s e v e r a l  
e x a m p le s  o f  r i n g s  i n  t h e  i n t e r e s t  o f  s t u d y i n g  t h e  r e l a t i o n ­
s h i p  b e tw e e n  p r o p e r t y  U and  o t h e r  i m p o r t a n t  r i n g - t h e o r e t i c  
c o n s i d e r a t i o n s  s u c h  a s  t h e  p o l y n o m i a l  r i n g s  o v e r  a U - r i n g  
R, t h e  q u o t i e n t  r i n g s  o f  R w i t h  r e s p e c t  t o  a m u l t i p l i c a t i v e  
s y s t e m ,  t h e  p r o p e r t y  " N o e t h e r i a n " ,  and  t h e  p r o p e r t y  
" i n t e g r a l l y  c l o s e d " .  One i m p o r t a n t  r e s u l t  we n o t i c e  w h i l e  
c o n s i d e r i n g  t h e s e  e x a m p le s  i s  t h a t  a dom ain  D o f  p o l y n o m i a l s  
i n  X o v e r  a f i e l d  K (w h e re  X i s  a s e t  o f  i n d e t e r m i n a t e s  
o v e r  K o f  c a r d i n a l i t y  a  > 1 )  i s  a U - r i n g  i f  and  o n l y  i f  K 
i s  i n f i n i t e  o r  a  = 1 .
The f o l l o w i n g  i s  an e x a m p le  w h ic h  shows t h a t  a 
p o l y n o m i a l  r i n g  o v e r  a  U - r i n g  i s  n o t  n e c e s s a r i l y  a U - r i n g .
E xam ple  6 . 1  L e t  D = Z [x]  w h e re  x i s  an i n d e t e r m i n a t e  
o v e r  t h e  i n t e g e r s  Z . C o n s i d e r  i n  D t h e  i d e a l s  A = ( 2 , x ) ,  
A^ = ( 4 , x ) ,  A2 = ( 2 , x 2 ) ,  A^ = (2  + x , 2 x ) .  We w i l l  show t h a t
A c  a nd  A jzf A^ f o r  e a c h  i  . To s e e  t h a t
3
A c  U^A^, r  e A . Then r  c a n  be  w r i t t e n  a s
O
p ( x ) * x  + a^x  + 2 a Q w h e re  p ( x )  e Z [x ]  and  eZ . Now
i f  2 | a Q, t h e n  r  e A^ ; i f  2 | a-^, t h e n  r  e A2  ; i f  2 /f a Q
a n d  2 J( a^  , t h e n
4 6
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r  = p ( x )  *x2 + (2 m + l)x  + 2 ( 2 n + l )  = p ( x )  *x2 + Stax + 4 n  + x+2  e
P ^s i n c e  x e and  4 e A ^ . So A c u ^  ( s i n c e  A^ c  A f o r
O
e a c h  i  , we s e e  i n  f a c t  t h a t  A = U ^ A ^ .  Now t o  s e e  t h a t  
A c  A^ f o r  e a c h  i ,  we n o t e  t h a t  x /  ( 2 , x ^ ) ,  2 / ( 4 , x ) ,  
and  we show t h a t  2 ^  ( 2 + x , 2 x ) .  I f  2 e ( 2 + x , 2 x )  t h e n  
2 = a ( 2 + x )  + b 2 x ,  f o r  some a , b  e D, and  2 ( l - a - b x )  = a x .  T h i s  
i m p l i e s  t h a t  a e 2D a n d  1 - a - b x  € xD. B u t  a e 2D i m p l i e s  
t h a t  a+bx e ( 2 , x )  w h ic h  i m p l i e s  t h a t  1 - a - b x  i  ( 2 , x )  w h ic h  
i m p l i e s  t h a t  1 - a - b x  i  xD. T h i s  c o n t r a d i c t i o n  i m p l i e s  t h a t  
2 /  ( 2 + x , 2 x )  a nd  h e n c e  A ^  f o r  e a c h  i  .
Q . E . D .
The n e x t  e x a m p le  g i v e s  a dom ain  D w h ic h  i s  n o t  a 
U - r i n g ,  b u t  Dg i s  a U - r i n g  f o r  e a c h  m u l t i p l i c a t i v e  s y s t e m  
S o f  D s u c h  t h a t  D < Dg. T h i s  shows t h a t  t h e  c o n v e r s e  
o f  C o r o l l a r y  1 . 1 7  i s  f a l s e .  I t  a l s o  shows t h a t  a l t h o u g h  
v a l u a t i o n  r i n g s  a r e  q u a s i - l o c a l ,  and  v a l u a t i o n  r i n g s  a r e  
U - r i n g s ,  n o t  a l l  q u a s i - l o c a l  r i n g s  a r e  U - r i n g s .
E xam ple  6 . 2  L e t  D = Z [ x ] ^ 2 x ^. I t  f o l l o w s  f ro m  t h e  
d i s c u s s i o n  i n  E xam ple  6 . 1  t h a t
( 2 , x ) D  = ( 4 , x ) D U  (2, x 2 )D U (2+ x , 2x )D , ( 2 , x ) D  p r o p e r l y  
c o n t a i n s  e a c h  o f  t h e s e  i d e a l s ,  and  h e n c e  D i s  n o t  a U - r i n g .  
Now l e t  S be  a m u l t i p l i c a t i v e  s y s t e m  o f  D s u c h  t h a t  
D < Dg. I t  f o l l o w s  t h a t  ( 2 , x ) D  fi S £  0 ,  and  [ ( 2 ,x )D ]D g = Dg . 
Now s i n c e  D i s  o f  d i m e n s i o n  two ( t h i s  f o l l o w s  f r o m  t h e  f a c t  
t h a t  Z [x ]  i s  two d i m e n s i o n a l  and  ( x , 2 ) D  i s  m a x i m a l ;  s e e
4 8
[ G , T h m . 2 5 . 5 * P » 3 4 3 ] ) »  p r i m e  i d e a l s  o f  Dg a r e  e x t e n s i o n s  
o f  p r i m e  i d e a l s  o f  D , an d  [ ( 2 >x)D ]D c, = Dg , i t  f o l l o w s  
t h a t  t h e  d i m e n s i o n  o f  Dg i s  l e s s  t h a n  o r  e q u a l  t o  o n e .
H e n c e ,  s i n c e  Dg i s  a K r u l l  dom ain  [ G , T i m 3 5 * 6 , p . 513]  o f
d i m e n s i o n  l e s s  t h a n  o r  e q u a l  t o  one  i t  f o l l o w s  t h a t  D i s
a D e d e k in d  d o m a i n [ G , T h m . 3 5 1 6 , p . 5 2 5 ! , h e n c e  a U - r i n g .
Q.E . D .
The f o l l o w i n g  i s  a l s o  an e x am p le  w h ic h  shows t h a t  
t h e  c o n v e r s e  o f  T heorem  1 . 1 7  i s  f a l s e ;  i n  f a c t  i t  i s  a dom ain  
R s u c h  t h a t  R i s  n o t  a U - r i n g ,  b u t  e a c h  o v e r r i n g  o f  R 
( c o n t a i n e d  i n  F t h e  q u o t i e n t  f i e l d  o f  R ) i s  a U - r i n g .
E x am p le  6 . 3  L e t  J  = ( a + b / 5 | a , b  e Z ) ;  S = (od d  i n t e g e r s ) ;
R = ( a / s | a  e J ,  s e S) = J g . L e t  a l s o  M = ( 2 , 1  + / 5 ) ,
B = ( 4 , 1 + / 5 )  = ( 1 + / 5 ) ,  B = ( 4 , 1 - / 5 ) = ( 1 - / 5 ,  C =  ( 2 )
e a c h  o f  w h ic h  i s  an i d e a l  o f  R . We w i l l  show t h a t  
M e n u  MU Uj ( I n  f'ant, M MUMUL' )» nrnl n l n c n  M i n  n o t  
p r i n c i p a l  and  B, B, C a r e  p r i n c i p a l  and  c o n t a i n e d  i n  M i t  
w i l l  f o l l o w  t h a t  s i n c e  M B, M & B, and  M ^  C, we h a v e  R 
i s  n o t  a U - r i n g .
To show M c  B U B U C l e t  x e M, and  c o n s i d e r  
x = ( a + b / 5 ) / s  w h e r e  a , b  e Z, and  s e S .  S i n c e  s i s  a u n i t ,  
x e A i f  a nd  o n l y  i f  sx  e A f o r  A a ny  i d e a l  o f  R ; 
h e n c e  we may a s sum e  s = 1 .  Now, i t  i s  e a s y  t o  c h e c k  t h a t  
x e M i m p l i e s  t h a t  a = b (mod 2 )  s o  t h a t  a and  b a r e  o f
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t h e  same p a r i t y .
P a r t  I  L e t  a , b  b e  o d d .
Case 1 . 1  L e t  a , b  s  1 ( m o d 4 ) .  Then a = 4 n + l ,
b = 4m + 1  f o r  m ,n  € Z. Now
x = (4n + 1 )  + (4m + l ) / 5  = 4 ( n + m / 5 )  + ( 1 + / 5 )  e B, so  x e B .
Case  1 . 2  L e t  a,b s 3 (mod4). As i n  Case  1 . 1 ,  i t
f o l l o w s  t h a t  x e B.
Case  1 . 3  L e t  a  s  1 ( m o d 4 ) ,  b s  3 ( m o d 4 ) .  An e a s y
a r g u m e n t  shows x e B .
Case  1 . 4  L e t  a = 3 (mod 4 ) ,  and  b = 1 ( m o d 4 ) .
A g a in  x i s  i n  B .
P a r t  I I  L e t  a and  b b o t h  b e  e v e n . Then
x = 2n + 2 m / 5  = 2 (n + m ^ 5 )  e ( 2 )  = C .
Now [ J G , E x .  4 0 , p .  3 7 - 3 9 ]  e s t a b l i s h e s  t h a t  t h e  
i n t e g r a l  c l o s u r e  R o f  R i n  i t s  q u o t i e n t  f i e l d  P i s  a  
v a l u a t i o n  r i n g  ( h e n c e  a U - r i n g )  a nd  i s  t h e  o n l y  p r o p e r  o v e r ­
r i n g  o f  R i n  F . We now h a v e  t h a t  R i s  n o t  a  U - r i n g ,
b u t  e a c h  p r o p e r  o v e r r i n g  o f  R i n  F i s  a U - r i n g .
Q .E .D .
Rem ark :  The p o l y n o m i a l  r i n g  D [x ]  o v e r  a  E u c l i d e a n  dom ain
D may be  a  U - r i n g  ( e . g .  D = Q) o r  n o t  ( e . g .  D = Z ) .  S i n c e  
b o t h  Z [x ]  a n d  Q [x ]  a r e  N o e t h e r i a n  r i n g s ,  a  N o e t h e r i a n
r i n g  may o r  may n o t  be  a  U - r i n g .  We o b s e r v e  t h a t  Z [x ]  i s
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a two d i m e n s i o n a l ,  N o e t h e r i a n  U . F . D .  w h ic h  i s  n o t  a 
U - r i n g ;  h e n c e  tw o  d i m e n s i o n a l  N o e t h e r i a n  K r u l l  r i n g s  n e e d  
n o t  h e  U - r i n g s .  The p o l y n o m i a l  r i n g  Q [ , . . . ]  
i n  i n f i n i t e l y  many i n d e t e r m i n a t e s  o v e r  t h e  r a t i o n a l  f i e l d  
Q i s  a  n o n - N o e t h e r i a n  U . F . D .  w h ic h  i s  a  U - r i n g .  The 
dom ain  i n  t h e  f o l l o w i n g  e x a m p le  i s  a  n o n - N o e t h e r i a n  U . F . D .  
w h ic h  i s  n o t  a  U - r i n g .
E xam ple  6 .4 L e t  D = Z [ x ^ ,  . . . , x fi, . . . . ] (w h e re  x^  i s  an 
i n d e t e r m i n a t e  o v e r  Z f o r  a l l  i  ) .  I t  i s  c l e a r  t h a t  D 
i s  n o t  N o e t h e r i a n ,  and  i f  we c o n s i d e r  t h e  i d e a l s
A = ( 2 , x ^ , X g ,  . . . ) ,  A^ = ( 2 , x - ^ , x 2 , . . . ) ,  A2 = ( 4 , x ^ , x 2 .» • • • • ) ,
A^ = ( 2 + x ^  2 x ^ , x 2 , . . . . )  o f  D i t  f o l l o w s  b y  an a r g u m e n t  
s i m i l a r  t o  t h a t  i n  Exam ple  6 . 1  t h a t  A = U^A^ and  A ^  A^ f o r  
i  = 1 , 2 , 3 ;  h e n c e  D i s  n o t  a U - r i n g .
Q.E . D .
The f o l l o w i n g  t h e o r e m  c h a r a c t e r i z e s  t h o s e  p o l y n o m i a l  
r i n g s  o v e r  a  f i e l d  w h ic h  a r e  U - r i n g s .
T heorem  6 . 5  L e t  K b e  a f i e l d ,  X a s e t  o f  i n d e t e r m i n a t e s  
o v e r  K o f  c a r d i n a l i t y  a  , w h e re  a > l ,  a n d  K[X] t h e  
p o l y n o m i a l  r i n g  i n  t h e  e l e m e n t s  o f  X w i t h  c o e f f i c i e n t s  i n  
K . Then K[X] i s  a  U - r i n g  i f  a n d  o n l y  i f  K i s  i n f i n i t e  
o r  a  = 1 .
P r o o f : I f  K i s  i n f i n i t e ,  t h e n  K[X] i s  a  U - r i n g  ( C o r o l l a r y
4 . 5 ) ;  and  i f  a  = 1 ,  t h e n  K[X] i s  a  p r i n c i p a l  i d e a l  d o m a in ,
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h e n c e  a U - r i n g .  Now s u p p o s e  K i s  f i n i t e  and  a >  1 ,  
and  c o n s i d e r  D = K[ X] .  C o n s i d e r  a l s o  t h e  s e t  S = X - { x 1 , x 2 )
f o r  x ^ , x 2 f i x e d  e l e m e n t s  o f  X , and  t h e  f o l l o w i n g  i d e a l s
o f  D: A, g e n e r a t e d  b y  t h e  e l e m e n t s  o f  X ,
2
A^, g e n e r a t e d  b y  t h e  e l e m e n t s  o f  S u { x ^ X g )  *
A^, g e n e r a t e d  by  t h e  e l e m e n t s  o f  S U ( x ^ , x 2 ) , and
A2+f ,  g e n e r a t e d  b y  t h e  e l e m e n t s  o f  S U { x ^ a ^ X g * x ^ x 2 ) 
w h e r e  K = { o , a ^ , . . . , 3^ ) .
S i n c e  D i s  a  u n i q u e  f a c t o r i z a t i o n  dom ain  we h a v e  x^  /  A2 , 
x 2 /  A j ,  a n d  x̂  ̂ /  A2 + i  f o r  i  = 1 , . . . , n  , and  i t  f o l l o w s  
t h a t  A p r o p e r l y  c o n t a i n s  e a c h  o f  t h e  Â . f o r  t  = 1 , 2  o r
2 + i  f o r  e a c h  i  . We now c l a i m  t h a t  A c  Â . (and
h e n c e  A = U^+ n At ) .  L e t  p ( X)  e D.  I f  p ( X) e A t h e n
2 2p ( X ) = + a ^ g  + a^X2X2 + a^x-^ + a ^ x 2 + f  (X) w h e re  e a c h  t e r m
o f  f ( X ) e i t h e r  h a s  some x e X, x i  ( x ^ , x 2 ) a s  a  f a c t o r  
o r  h a s  d e g r e e  l a r g e r  t h a n  tw o ,  and  a ^ , . . , a ^  e K . Now i f
a 2 = 0 ,  t h e n  p ( X)  c A-̂  ; i f  a^  = o t h e n  p ( X)  e A2 ;
and  i f  a ^ , a 2 /  0 , t h e n  a ^ p ( X )  e A2 + i  and  h e n c e
p ( X)  e &2+± w h e r e  1 i s  s u c h  t h a t  a^  = Hence D
i s  n o t  a  U - r i n g .
Q .E .D .
R e m a rk : C o n c e r n i n g  t h e  r e l a t i o n s h i p  b e t w e e n  p r o p e r t y  U and
t h e  p r o p e r t y  i n t e g r a l l y  c l o s e d ,  we n o t e  t h a t  we h a v e  a l r e a d y  
s e e n  e x a m p le s  o f  i n t e g r a l l y  c l o s e d  r i n g s  w h ic h  a r e  U - r i n g s  
e . g .  Q [ x ] ,  a n d  i n t e g r a l l y  c l o s e d  r i n g s  w h i c h  a r e  n o t  U - r i n g s
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e . g . K [ x , y ] ,  K a f i n i t e  f i e l d .  We w i l l  now l o o k  a t  two
e x a m p le s  o f  r i n g s  w h ic h  a r e  n o t  I n t e g r a l l y  c l o s e d ;  one o f  
them  i s  a U - r i n g  (Exam ple  6 . 6 ) and t h e  o t h e r  i s  n o t  a 
U - r i n g  (Exam ple  6 . 7 ) .
Exam ple  6 . 6  L e t  D = f p ( x )  = a Q + a-^x + .  . . + a n xn | p ( x ) e Q[ x]
and  a^ = o }.  D i s  c l e a r l y  a U - r i n g  s i n c e  D c o n t a i n s  Q ,
2 2and  s i n c e  x 4  D and  x s a t i s f i e s  t h e  e q u a t i o n  y = x = o 
(m onic  p o l y n o m i a l  e q u a t i o n  i n  y w i t h  c o e f f i c i e n t s  i n  D) 
i t  f o l l o w s  t h a t  D i s  n o t  i n t e g r a l l y  c l o s e d .
Q . E . D .
E xam ple  6 . 7  L e t  D = f p ( x )  = a ^ a ^ x +.  . . + an x n | p ( x ) e K [ x ] ,
K = Z / ( 2 ) ,  and  a^  = o ) ,  and  l e t  A = (x 2 ,x^)d, A-̂  = (x 2 )D, 
Ag, = ( x ^ , x ^ ) D ,  A^ = (x2  + x ^ , x ^ ) D .  N o w  x ^  4  A- ,̂ x 2 4  A2 , 
and  x 2 4  A^, so  i t  f o l l o w s  t h a t  A^ < A f o r  i  = 1 , 2 , 3 .  We
o o
w i l l  now show t h a t  A c  U^A^ (an d  h e n c e  A = U^A^) .  L e t
q e A.  Then q = a ^ x 2 + a ^ x ^  + .  . . + a n x n , w h e re  a ^ e K  = Z / ( 2 )
f o r  i  = 2 , . . . , n .  Now i f  a^ = o ,  t h e n  q e A^; i f  a g  = °*
t h e n  q e A^; i f  a ^ , a 2 4  o t h e n  q e A ^ . I t  now f o l l o w s
t h a t  D i s  n o t  a U-r*ing,  and  by  c o n s i d e r i n g  t h e  m onic
2 2p o l y n o m i a l  e q u a t i o n  y -  x = o i n  y w i t h  c o e f f i c i e n t s  
i n  D , we s e e  t h a t  x i s  a r o o t  an d  x 4  D s o  D i s  n o t  
i n t e g r a l l y  c l o s e d .
Q • E . D .
Remark:  One o t h e r  q u e s t i o n  w h ic h  a r o s e  e a r l y  i n  o u r
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c o n s i d e r a t i o n  o f  U - r i n g s ,  when we r e a l i z e d  t h a t  v a l u a t i o n  
r i n g s  a r e  U - r i n g s ,  and  i n  f a c t  a l l  P r u f e r  d o m a in s  a r e  
U - r i n g s ,  and  t h a t  q u e s t i o n  i s :  a r e  a l l  q u a s i - l o c a l  U - r i n g s
v a l u a t i o n  r i n g s ?  C o r o l l a r y  4 . 5  s h e d s  some l i g h t  on t h i s  
s i t u a t i o n  h o w e v e r ,  a n d  i t  i s  e a s i l y  s e e n  t h a t  
D = Q [ x , y ] /  \ i s  q u a s i - l o c a l ,  i s  n o t  a  v a l u a t i o n  r i n gvx,y /
(xD ^  yD and  yD x D ) ,  and  i s  a U - r i n g .
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